HABILITATION THESIS

Classes of analytic functions, integral
operators and related research

Marcela Nicoleta Breaz

Specialization: Mathematics

2017



Contents

Abstract 3
Rezumat 9
1 Basic concepts 15
1.1 Classes of analytic functions . . . . . .. .. ... ... ... ... .. 15
1.2 Imtegral operators . . . . . . . . ... 19
2 Contributions 22
2.1 General integral operators . . . . . . . .. ... 22
2.2 Starlikeness condition for Bernardi operator . . . . . ... ... .. 24
2.3 The univalence of Mocanu-Miller-Reade type operator on the Ozaki-Nunokawa
class . . .. e 25
2.4 Convexity properties for a general integral operator on some classes of
univalent functions . . . . . .. .. L 26
2.5 Univalence criterion for Senivasagan-Breaz integral operator . . . . . . .. 28
2.6 Class preserving properties for a Pfaltzgraff type general integral operator . 29
2.7 The behaviour of two general integral operators on functions of complex
order and real type . . . . . ... 31
2.8 Convexity order and coefficients estimates for two general integral opera-
tors, on convex functions related to a hyperbola . . . . . .. .. ... ... 32
2.9 Univalence of a general integral operator based on a number of functions,
related to a complex number . . . . . . .. ... 34
2.10 General integral operators, on the subclasses of univalent functions S(«)
and T, . . . . 35
2.11 Convexity of two general integral operators on the classes of some special
analytic functions . . . . . . ..o L 36
2.12 Univalence of a general integral operator based on regular and Caratheodory
functions . . . . . .. 37
2.13 Kudriasov type univalence conditions for two general integral operators . . 39



CONTENTS CONTENTS

2.14 Coefficient estimates and modified Hadamard product for classes of analytic
functions, p-valent, with negative coefficients . . . . . . . . . ... ... .. 42

2.15 Mocanu and Serb type univalence criterion for some general integral operators 46

2.16 A subclass of multivalent functions involving higher-order derivatives . . . 50

2.17 Fractional calculus of analytic functions concerned with Mobius transfor-

mations . . . ... 62

2.18 Classes of analytic functions, based on subordinations . . . . . . . . .. .. 7

3 Further research 85
3.1 Research directions . . . . . . . . . ... 85
3.2 Univalence of the solution of the inverse boundary problem . . . . . . . .. 89

3.3 The study of new classes of analytic functions, using differential subordi-

NAtIONS . . . . . . 95

Bibliography 103



Abstract

In this habilitation thesis we have described the significant results achieved by us after
obtaining the PhD degree in Mathematics from Babes-Bolyai University of Cluj-Napoca,
in 2004. We would like to mention that the PhD thesis was dedicated to a different
subject from mathematical analysis, namely, Spline Based Numerical Methods Applied
in Statistics, a subject related to functional analysis, statistics and numerical calculus.
The research results presented here are concerned with the theory of the functions of one
complex variable, a classic topic of mathematical analysis which still remains an attractive
research area for many mathematicians from all over the world.

The theory of functions of one complex variable was established in the middle of
the past century, as one of the mathematical fields, a subdomain of complex analysis. An
important area of the theory of functions of one complex variable is the geometric theory
of analytic functions, called also geometric function theory in which the goal is to give
geometrical meaning to some analytically expressed conditions, such that the correctness
of the analytic judgement is tightly linked with the intuitive one. Hence, one can take
advantage from this duality, by combining analytic proof with geometric intuition in order
to study various classes of functions.

Among the properties that have been studied for the functions of one complex
variable, there is the so called, univalence. An analytical (holomorphic) and injective
function on the domain U, U C C, U = {z € C: |z| < 1} is called a univalent function
on U. The condition f’(z) # 0,Vz € U, is just a necessary univalence condition, ensuring
a local univalence only. The goal is to find some supplimentary conditions, which can
enforce the univalence of a function f, on the domain Y. Hence, it is suitable to obtain
both necessary and sufficient conditions for univalence. Taking into account also the
geometric point of view, the univalence can be linked with conformal mappings.

Being one of the main concept in geometric function theory, the univalent function
(holomorphic and injective), was studied for the first time by P. Koebe, in 1907. Within
a century, the theory of univalent functions has been developed considerably by many
mathematicians. Necessary and sufficient conditions for univalence were obtained for the

first time in 1931 by Gh. Calugareanu, after that being studied by many authors, among
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we recall here Z. Nehari, C. Pomerenke, A.W. Goodman, G. M. Goluzin, etc. ([42],
[65])) and some classical works as: Z. Nehari, Conformal mappings, 1952, L.V. Ahlfors,
Conformal invariants, Topics in Geometric Function Theory, 1973, Ch. Pommerenke,
Univalent functions, 1975, A.W. Goodman, Univalent functions, 1984, S.S. Miller, P.T.
Mocanu, Differential Subordinations, Theory and Applications, 2000. There is also a well
organized romanian research group founded by P.T. Mocanu, having an important impact
on the international research group, more recent research directions being based on the
theory of differential subordinations introduced by P.T. Mocanu and S.S. Miller ([63]).

Even if the geometric function theory is considered more like a theoretical domain,
some practical applications were also derived from the theoretical studies, for example, in
fluid mechanics, electrotechnics, nuclear physics and others.

An important field in geometric function theory is given by the study of integral
operators on spaces of analytic functions ([7], [81]), the first mathematician who intro-
duced an integral operator on a class of univalent functions being J.W. Alexander, in 1915.
From the last century the integral operators have been studied by a lot of mathemati-
cians, among which we mention here R. Libera, S. Bernardi, S.S. Miller, P.T. Mocanu,
M.O. Reade, R. Singh, N.N. Pascu and many others. Nowadays new frontiers of integral
operators are designed to stimulate interest among the young researchers in the field of
geometric function theory.

Our contribution to this subject began in 2000, by working together with D. Breaz
to extend some of well known classical integral operators and to prove their properties
on various classes of analytic functions. The first representative papers were published in
2002 (][9] and [10]), the integral operators introduced in those papers being cited in more
than 100 scientific articles written by mathematicians from the country and abroad. Over
the years we published a series of papers and one book (see [5], [8]-[39], [43], [82]-[86], [96],
[100], this being only a selective list). The book is related to recent studies on univalent
integral operators and it came as a result of joint work together with Daniel Breaz from "1
Decembrie 1918” University of Alba Iulia and Maslina Darus from Kebangsaan University,
Kuala Lumpur, Malaysia (see[27]).

We would like to outline that also some of our scientific results published and
presented here were obtained as joint work with researchers from Japan, Egypt, Canada,
Turkey and Romania, while taking part in various scientific events as for example, dif-
ferent editions of Geometric Function Theory and Applications Symposium, an itinerary
conference on the aimed domain but also during the scientific seminars attended as visit-
ing professor in Kinki University, Osaka, Japan (2010) and Kebangsaan University, Kuala
Lumpur, Malaysia, 2012 and 2013. Coming from a different subject considered during

PhD studies, the support received over the years from all our collaborators was both
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needed and appreciated. From this point of view, we would like to thank them all grate-
fully, begining with D. Breaz, V. Pescar and S. Owa with whom we have published most
of our joint papers and also continuing with R. El-Ashwah, M, Darus, H. Srivastava, Y.
Polatoglu, J. Nishiwaki, M. Acu, M.K. Aouf, N. Ularu and others.

Among the results that we got in this field, from which most of them are presented
in this thesis, we mention the following:

- introduction of new integral operators as an extension of already known operators
that can be recovered as particular cases from our operators,

- the study of geometric properties as univalence, convexity, starlikeness for some
integral operators,

- the study of preserving class properties for some integral operators,

- extension of some Becker type univalence criteria for integral operators,

- the study of some classes of analytic functions taking into account various aspects
as for example the behaviour of Hadamard product on those classes,

- coefficients estimates for some classes of analytic functions,

- distorsion theorems for some classes of analytic functions.

These results and also some new and not published yet ideas are presented here,
in the habilitation thesis, in the main chapter but also in the chapter dedicated to our
future research plans.

The thesis is structured into three chapters, the main one being the second chapter
which contains the published work conducted by the candidate, in this field, a chapter
which is supported by the first one, giving the preliminaries and continued by the last
one, related to future plans.

Chapter 1 comprises preliminary instruments that will be further used for deriving
our results, as the definition of some well known classes of analytic functions. More
precisely, the univalent, starlike, convex and some other type of functions are recalled
here together with some of their properties. A set of integral operators used to obtain our
operators is also presented, together with some related results. We would like to mention
that the chapter is focused strictly on those classical results which are most used in the
next chapters.

Chapter 2 is dedicated to the contribution of the authors in the field of geometric
function theory and is divided into eighteen sections. At the beginning of each section
we mention the papers where the results are contained. Also, we would like to mention
that some of the proofs and some of the secondary results (as some of the corollaries) are
omited but all of them can be found in the papers that are already published.

In the Section 2.1, we present the first four of the general integral operators that

we have introduced over the years, having as basis some of the classical well known
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operators, but using more than one function in the construction of them. Our operators
cover some classical operators as those of Kim and Merkes, respectively, Pfaltzgraff. For
these operators, we obtained univalence criteria which generalize the univalence criteria
given by V. Pescar, respectiely V. Pescar and S. Owa. The paper in which we published
the result, [9], has over 100 citations, being a reference for other new integral operators
that in the meantime were defined by us or by other mathematicians.

Within the Section 2.2, we disscused some starlikeness conditions obtained by us
for the Bernardi operator and for another general integral operator which covers both
Bernardi and Alexander operators.

Two univalence criteria are proved in the Section 2.3, for a general integral operator
defined as a generalization for n functions of an operator given by V. Pescar. Both ours
and Pescar operators are particular cases of Mocanu-Miller-Reade operator. The operator
was studied on a class of univalent functions, introduced by Ozaki and Nunokawa.

Convexity properties for a general integral operator of Kim-Merkes type were
presented in the Section 2.4, by considering three special classes of univalent functions,
given by Stankiewicz and Wisniowska and two, respectively by Ronning.

In the Section 2.5, a univalence criterion is studied for a general integral operator
introduced by Senivasagan and Breaz, on the subclass of univalent functions, defined by
Ozaki and Nunokawa.

For a general integral operator of Pfaltzgraff type, some class preserving properties
are given in the Section 2.6, taking into account the following type of functions: univalent,
starlike, convex, convex of a given order and respectively, uniformly convex functions.

In the Section 2.7, we studied the behaviour of two general integral operators, of
Kim-Merkes and Pfaltzgraff type, on some classes of analytic functions of complex order
and real type, given by B. Frasin.

We found the convexity order and some coefficient estimates for two general integral
operators, on some class of convex functions related to a hyperbola, in the Section 2.8.

In the Section 2.9, we presented a result regarding the univalence for a general
integral operator introduced by us, for which the number of functions that compose the
operator depends on a complex number.

The behaviour of the general integral operator introduced by Senivasagan and
Breaz is studied with respect to the univalence, on the subclasses of univalent functions
S(a) and Ty, in the Section 2.10.

In the Section 2.11, we studied the convexity of two of our general integral opera-
tors, on the classes of some special analytic functions.

Three univalence criteria for a general integral operator built on two sets of func-

tions, respectively regular and Caratheodory functions are presented in the Section 2.12.
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Kudriasov type sufficient univalence conditions for two of our general integral
operators (Kim-Merkes type and Pfaltzgraff type) were presented in the Section 2.13.

Section 2.14 contains coefficients estimates and modified Hadamard product prop-
erties for some analytic functions, p-valent, with negative coefficients. These extend pre-
vious results obtained by us on classes of starlike, respectively convex functions of order
«, p-valent, with negative coefficients, defined with a differential operator.

In the Section 2.15, we obtain new conditions of univalence for two general inte-
gral operators, T,, and B,,, by applying the improvement of Becker univalence criterion,
obtained by Pascu in the paper [76]. Also, a lemma given by Mocanu and Serb in the
paper [66], will be used to get some parts of the results.

Section 2.16 presents a new class of analytic and p-valent functions involving higher-
order derivatives. For this p-valent function class, we derive several interesting properties
including coefficient inequalities, distortion theorems, extreme points, and the radii of
close-to-convexity, starlikeness and convexity. Several applications involving an integral
operator are also considered. Finally, we obtain some results for the modified Hadamard
product of the functions belonging to the p-valent functions class introduced here.

Using the Mobius transformations, some properties and examples of fractional
calculus are presented in the Section 2.17.

In the Section 2.18, applying the extremal function for the subclass of analytic func-
tions, S*(a), new classes P*(a) and Q*(«) are considered using certain subordinations.
The object of this section is to present some interesting properties for f(z) belonging to
these classes.

Chapter 3 includes a perspective plan for the present and future projects in
scientific research and profesional career of the author. We will continue our research in
the field of geometric function theory, both on the study of the integral operators and the
study of some classes of analytic functions. At the same time, we intend to maintain focus
on the certain applications of spline functions in statistics which was the other field, aimed
in our scientific work, during PhD research studies. We also have in view to organize some
scientific seminars for PhD students that are interested in the field of geometric function
theory and to write a scientific monograph related to our contributions in this domain.

Regarding the research goals, motivated by the recent results in the field of geo-
metric function theory and willing to extend our previous work described in the Chapter
2, we will focuse on three general research directions, namely:

- study of new geometric properties for the operators considered in this thesis with
respect to their univalence (research direction A),

- construction of new integral operators that cover the already known operators as

particular cases (research direction B),
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- construction of the classes of analytic functions having interesting geometric
properties (research directions ().

Within the research direction A, we aim to extend the results that we have already
obtained for the integral operators J; - Jg, most of them on univalence (see Chapter 2,
where various univalence conditions were obtained), by investigating other properties of
the operators, as convexity and starlikeness for example. In order to approach the study of
these operators with respect to other properties, we will consider some particular classes
of analytic functions. For the research direction B, we have in mind to investigate the
existence of each new integral operator (to be well defined), to find other motivation of the
operators, besides their generality, taking into account possible geometric properties and
some particular interesting examples and finally to investigate geometric properties of the
operators. Related to the research direction C', for each of the new introduced classes, we
have in view to study at least the following lines: finding examples of functions that prove
the nontriviality, study of Hadamard product on those classes (or some modified version
of Hadamard product), characterization of the classes by finding coefficients estimates,
and respectively, finding of class preserving properties for some integral operators. All
of these research directions are briefly presented in the Section 3.1, by mentioning some
problems to solve, particular examples of study and the approach methods that will be
considered.

Some of the research items which are part of our current work are given in the last
two sections of the chapter. Thus, on the short term, we aim to continue the joint project
started with V. Pescar and D. Breaz, on the subject of the applications of the univalence
of some integral operators in the field of fluid mechanics. Some results concerning the
univalence of the inverse boundary problem solution, obtained together with V. Pescar
are described in the Section 3.2. Also, we are about to finish the research project started
together with S. Owa, J. Nishiwaki and D. Breaz, related to the study of some new classes
of analytic functions using methods based on differential subordinations. These classes are
defined starting from the classical definitions of starlike and respectively, convex functions
and some part of the results are already accepted for publication, being described in the
Section 3.3.

Other lines of work that we aim to follow are related to: extending of other type
of univalence criteria from functions to integral operator, in the same manner as we
have worked far now with Pascu criterion in the results presented in Chapter 2, study of
some integro-differential operators, the analysis of already obtained results through the
extremal function issue, finding some applications for the theoretical results obtained (as
it is started in the Section 3.2) and using of specialized software to outline the geometric

properties of some integral operators mapping.



Rezumat

In prezenta teza de abilitare, sunt descrise rezultatele semnificative obtinute de catre
autor, dupa obtinerea titlului de doctor in matematica, la Universitatea Babes-Bolyali,
Cluj-Napoca, in anul 2004. Dorim sa precizam ca teza de doctorat a fost dedicata unui
subiect de cercetare diferit, din cadrul analizei matematice, si anume, Metode numerice
bazate pe functii spline, aplicate in statistica, subiect bazat pe analiza functionala si cal-
cul numeric. Rezultatele de cercetare prezentate aici se refera la teoria functiilor de o
variabila complexa, un subiect clasic din analiza matematica, inca atractiv pentru multi
matematicieni din tara si strainatate.

Teoria functiilor de o variabila complexa a debutat la mijlocul secolului trecut ca
un subdomeniu al matematicii, respectiv al analizei complexe. Un subiect important este
teoria geometrica a functitlor analitice, in care unul dintre obiective este acela de a da
interpretari geometrice unor conditii exprimate analitic, astfel ca rigoarea rationamentului
analitic este strans legata cu intuitia. Profitand de aceasta dualitate, se poate combina
demonstratia analitica si intuitia geometrica, pentru a studia diferite clase de functii.

Printre proprietatile care au fost studiate pentru functiile de o variabila complexa,
se numara aga numita proprietate de univalenta. O functie analitica (olomorfa) si in-
jectiva pe domeniul U, U C C, U = {z € C: |z| < 1} se numeste functie univalenta in
U. Conditia f'(z) # 0,Vz € U, este doar o conditie necesara de univalenta, asigurand
o univalenta locala. Obiectivul este acela de a gasi conditii suplimentare care sa asigure
univalenta functiei f, in &. Prin urmare, este de dorit sa obtinem conditii necesare si
suficiente de univalenta. Din punct de vedere geometric, functiile univalente sunt legate
de transformarile conforme.

Fiind unul dintre conceptele de baza in teoria geometrica a functiilor, functia uni-
valenta (olomorfa si injectiva) a fost studiata, inca din 1907, de catre P. Koebe. Timp
de un secol, teoria univalenta a functiilor s-a dezvoltat considerabil. Conditii necesare si
suficente au fost obtinute pentru prima data, in 1931 de catre Gh. Calugareanu, dupa
care univalenta a fost studiata de multi alti matematicieni, printre care 1i amintim aici
pe Z. Nehari, C. Pomerenke, A.W. Goodman, G. M. Goluzin, etc. ([42], [65])). Am-

intim de asemenea cateva lucrari clasice in domeniu, cum ar fi Conformal mappings,
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1952, L.V. Ahlfors, Conformal invariants, Topics in Geometric function Theory, 1973,
Ch. Pommerenke, Univalent functions, 1975, A.-W. Goodman, Univalent functions, 1984,
S.S. Miller, P.T. Mocanu, Differential Subordinations, Theory and Applications, 2000. In
Romania exista o importanta scoala de cercetare in domeniu, fondata de P.T. Mocanu,
avand un impact important asupra scolii internationale de cercetare. Printre directiile rel-
ativ recente de cercetare o amintim pe cea bazata pe subordonari diferentiale, introduse
de P.T. Mocanu si S.S. Miller ([63]).

Cu toate ca teoria geometrica a functiilor este considerata un domeniu teoretic,
exista si cateva aplicatii practice ale acesteia in domenii precum mecanica fluidelor, elec-
trotehnica, fizica nucleara si altele.

Un subiect important de cercetare in acest domeniu este cel dat de studiul op-
eratorilor integrali pe spatii de functii analitice ([7], [81]). Primul matematician care a
introdus un operator integral pe clase de functii univalente a fost J.W. Alexander, in 1915.
In ultimul secol, operatorii integrali au fost studiati de mai multi matematicieni, printre
care 1i amintim aici pe R. Libera, S. Bernardi, S.S. Miller, P.T. Mocanu, M.O. Reade,
R. Singh, N.N. Pascu si altii. In prezent, noi aspecte ale operatorilor integrali stimuleaza
interesul tinerilor cercetatori din domeniul teoriei geometrice a functiilor.

Contributia noastra la acest domeniu a inceput in 2000, prin colaborarea cu D.
Breaz impreuna cu care am lucrat la extinderea unor operatori integrali cunoscuti si am
demonstrat proprietatile noilor operatori introdusi, pe diferite clase de functii analitice.
Primele rezultate semnificative le-am obtinut in 2002 (][9] si [10]), operatorii integrali in-
trodusi in acele lucrari fiind citati in peste 100 de articole stiintifice scrise de matematicieni
din tara gi strainatate. De-a lungul anilor am publicat in acest domeniu o serie de lucrari
si o carte (see [5], [8]-[39], [43], [82]-[86], [96], [100], aceasta fiind doar o lista selectiva).
Cartea conine studii recente pe operatori integrali univalenti, si a fost scrisa ca urmare a
unei colaborari cu Daniel Breaz de la Universitatea ”1 Decembrie 1918” din Alba lulia si
Maslina Darus de la Universitatea Kebangsaan, din Kuala Lumpur, Malaezia ([27]).

Dorim sa subliniem ca o parte din rezultatele stiintifice publicate si prezentate in
aceasta teza au fost obtinute de asemenea, in urma unor colaborari cu cercetatori din
Japonia, Egipt, Canada, Turcia si Romania, in timpul diverselor editii ale conferintei
itinerante Geometric function Theory and Applications Symposium, dar si in timpul sem-
inariilor stiintifice la care am luat parte in cadrul vizitelor la Universitatea Kinki, din
Osaka, Japonia (2010) respectiv, la Universitatea Kebangsaan, Kuala Lumpur, Malaezia,
2012 si 2013. Avand in vedere ca am obtinut doctoratul pe o alta tema de cercetare, spri-
jinul primit de-a lungul anilor de la colaboratori a fost foarte important. In acest sens,
amintim aici numele colaboratorilor care ne-au sprijinit in cercetarile din acest domeniu,

incepand cu D. Breaz, V. Pescar gi S. Owa, cu care am publicat majoritatea lucrarilor
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si continuand cu R. El-Ashwah, M, Darus, H. Srivastava, Y. Polatoglu, J. Nishiwaki, M.
Acu, M.K. Aouf, N. Ularu si altii.

Printre rezultatele pe care le-am obtinut in acest domeniu, majoritatea prezentate
in aceasta teza, mentionam urmatoarele:

- introducerea unor operatori integrali ca extensie a unor operatori deja cunoscuti
care se regasesc ca gi cazuri particulare,

- studiul proprietatilor geometrice precum univalenta, convexitate, stelaritate pen-
tru anumiti operatori integrali,

- studiul unor proprietati de conservare a unor clase de catre operatorii integrali,

- extinderea criteriului de univalenta de tip Becker la operatori integrali,

- studiul unor clase de functii analitice luand in considerare diverse aspecte ca spre
exemplu, produsul Hadamard pe aceste clase,

- estimari de coeficienti pentru anumite clase de functii analitice,

- teoreme de distorsiune pentru anumite clase de functii analitice.

Aceste rezultate precum si alte cateva idei inca nepublicate sunt prezentate aici in
teza de abilitare, in capitolul principal dar si in capitolul dedicat planului de cercetare.

Teza este structurata pe trei capitole, capitolul principal fiind capitolul doi care
contine contributia autorului la acest domeniu, sustinut de primul capitol in care sunt
date cateva notiuni si rezultate suport si urmat de cel de-al treilea, legat de planurile de
cercetare.

Capitolul 1 contine cateva concepte si rezultate preliminare necesare in sustinerea
prezentarii rezultatelor proprii, mai precis, definitiile unor clase de functii analitice deja
cunoscute, ca: functii univalente, stelate, convexe si altele, precum si cateva proprietati ale
acestora. Sunt amintiti de asemenea, principalii operatori integrali utilizati in obtinerea
operatorilor propusi de noi, impreuna cu cateva rezultate de baza. Dorim sa mentionam
ca acest capitol este orientat strict pe acele rezultate clasice care au fost cel mai des
utilizate in Capitolul 2.

Capitolul 2 este dedicat contributiilor aduse de catre autor in domeniul teoriei
geometrice a functiilor si este structurat pe optsprezece sectiuni. La inceputul fiecarei
sectiuni sunt mentionate lucrarile in care rezultatele descrise au fost publicate. Au fost
omise anumite demonstratii si rezultate secundare dar acestea pot fi gasite in lucrarile
publicate, mentionate in lista bibliografica.

In Sectiunea 2.1, prezentam patru operatori integrali generali, avand ca punct de
pornire cativa operatori integrali cunoscuti dar fiind construiti pe mai mult de o functie.
Operatorii introdusi de catre noi acopera operatori clasici precum cei dati de Kim si
Merkes, respectiv de Pfaltzgraff. Pentru acesti operatori, am obtinut criterii de univalenta

care generalizeaza criteriul de univalenta dat de V. Pescar. Articolul in care aceste rezul-
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tate au fost publicate, [9], a inregistrat peste 100 citari, fiind un articol de referinta in
domeniul operatorilor integrali generali, introdusi in ultimii ani de diversi matematicieni.

In Sectiunea 2.2, am discutat cateva conditii de stelaritate pentru operatorul lui
Bernardi si pentru un alt operator integral general care acopera operatorii clasici dati de
Bernardi si Alexander.

Doua criterii de univalenta sunt demonstrate in Sectiunea 2.3, pentru un operator
integral general, definit ca o generalizare pentru n functii, a unui operator dat de V.
Pescar. Atat operatorul introdus de noi cat si cel dat de Pescar sunt operatori de tipul
Mocanu-Miller-Reade. Operatorul a fost studiat pe o clasa de functii univalente introdusa
de Ozaki gi Nunokawa.

Cateva proprietati de convexitate pentru un operator integral general de tip Kim-
Merkes sunt prezentate in Sectiunea 2.4, considerand trei clase de functii univalente,
introduse de Stankiewicz i Wisniowska, respectiv de Ronning.

In Sectiunea 2.5, se studiaza un criteriu de univalenta pentru un operator integral
general introdus de Senivasagan si Breaz, pe clasa de functii univalente introdusa de Ozaki
si Nunokawa.

Cateva proprietati de conservare a clasei pentru un operator integral general de
tip Pfaltzgraff sunt date in Sectiunea 2.6, considerand urmatoarele clase de functii: uni-
valente, stelate, convexe, convexe de un anumit ordin, respectiv uniform convexe.

In Sectiunea 2.7, am studiat comportamentul a doi operatori integrali generali de
tip Kim-Merkes si Pfaltzgraff pe clase de functii analitice de ordin complex si tip real,
introduse de B. Frasin.

In Sectiunea 2.8 am gasit ordinul de convexitate si estimari pentru coeficientii a doi
operatori integrali generali, pe o anumita clasa de functii convexe, definite in conexiune
cu o hiperbola.

In Sectiunea 2.9, am prezentat un rezultat referitor la univalenta unui operator
integral general introdus de noi, pentru care numarul de functii aflate in componenta este
definit prin intermediul unui numar complex.

Comportamentul operatorului integral general introdus de Senivasagan si Breaz
este studiat in raport cu univalenta pe subclasele de functii univalente S(«) si T3, in
Sectiunea 2.10.

In Sectiunea 2.11, am studiat convexitatea a doi operatori integrali generali, pe
anumite clase de functii analitice.

Trei criterii de univalenta au fost obtinute pentru un operator integral general
construit pe doua tipuri de functii, regulare respectiv de tip Caratheodory, rezultatele
fiind prezentate in Sectiunea 2.12.

Conditii suficiente de univalenta de tip Kudriasov pentru doi dintre operatorii

12
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integrali generali introdusi de noi, unul de tip Kim-Merkes si celalalt de tip Pfaltzgraff au
fost prezentate in Sectiunea 2.13.

Sectiunea 2.14 contine estimari de coeficienti si proprietati legate de produsul
Hadamard modificat pentru un anumit tip de functii analitice, p-valente, cu coeficienti
negativi. Acestea extind alte rezultate introduse de noi pentru clase de functii stelate,
respectiv convexe de ordin «, p-valente, cu coeficienti negativi, definite cu ajutorul unui
operator diferential.

In Sectiunea 2.15, obtinem noi conditii de univalenta pentru doi operatori integrali
generali, T}, si B, aplicand o versiune a criteriului de univalenta al lui Becker, data de
Pascu in [76]. De asemenea, este folosit si rezultatul dat de Mocanu si Serb in [66].

Sectiunea 2.16 prezinta o noua clasa de functii analitice si p-valente bazate pe
derivate de ordin multiplu. Pentru aceasta clasa de functii p-valente obtinem cateva
proprietati interesante incluzand inegalitati pentru coeficienti, teoreme de distorsiune,
puncte de extrem, raze de aproape convexitate, stelaritate si convexitate. De asemenea,
pe aceasta clasa, am prezentat si cateva aplicatii ale unui operator integral. In final,
ohtinem si cateva rezultate referitoare la produsul Hadamard modificat pe clasa de functii
p-valente propusa.

Folosind transformari Mobius obtinem cateva proprietati si exemple pe calcul
fractional, in Sectiunea 2.17.

In Sectiunea 2.18, aplicand functia extremala a subclasei de functii analitice, S*(a),
si folosind definitia subordonarilor diferentiale, sunt introduse noi clase, P*(a) si Q*(«),
pentru care prezentam cateva proprietati.

Capitolul 3 include un plan pentru cercetarile curente gi viitoare, in domeniul
stiintific si profesional. Ne propunem sa continuam cercetarile in domeniul teoriei geo-
metrice a functiilor, atat pe operatori integrali, cat si pe diverse clase de functii analitice.
In acelagi timp, vom continua sa acordam interes si aplicatiilor bazate pe functii spline in
statistica, acesta fiind cel de-al doilea domeniu de interes, pe care a fost elaborata teza
de doctorat. Avem in vedere gi organizarea unor seminarii stiintifice dedicate doctor-
anzilor din domeniul teoriei geometrice a functiilor, precum si elaborarea unei monografii
in domeniu, care sa contina rezultatele proprii.

In ce priveste obiectivele de cercetare, motivati de rezultatele recente din dome-
niul teoriei geometrice a functiilor si dorind sa continuam propriile cercetari, descrise in
Capitolul 2, ne vom orienta asupra a trei directii generale de cercetare si anume:

- studiul unor noi proprietati geometrice pentru operatorii considerati in aceasta
teza, in raport cu univalenta (directia de cercetare A),

- constructia unor noi operatori integrali care acopera operatorii deja cunoscuti ca

si cazuri particulare (directia de cercetare B),

13
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- constructia de clase de functii analitice avand proprietati geometrice interesante
(directia de cercetare C').

In cadrul primei directii de cercetare, A, urmarim sa extindem rezultatele pe care
le-am obtinut pentru operatorii integrali J; - Jg, majoritatea pe univalenta (in Capitolul
2), investigand si alte proprietati ale operatorilor ca de exemplu, convexitatea si stelari-
tatea. Ca abordare, vom considera anumite clase de functii analitice pe care vom studia
comportamentul operatorilor respectivi. Pentru directia de cercetare B, intentionam sa
analizam existenta fiecarui operator introdus, in sensul bine definirii acestuia si sa gasim si
alte motivatii dincolo de generalitatea lor, luand in considerare posibile aplicatii i cateva
exemple particulare, iar in cele din urma sa investigam proprietatile acestora. Legat
de directia de cercetare C', pentru fiecare clasa de functii introdusa, avem in vedere cel
putin urmatoarele linii de studiu: gasirea unor exemple de functii care sa dovedeasca
netrivialitatea, studiul produsului Hadamard (sau versiuni modificate) pe aceste clase,
caracterizarea prin estimari de coeficienti, si respectiv, gasirea unor proprietati de conser-
vare a claselor pentru anumiti operatori integrali. Toate aceste directii de cercetare sunt
prezentate pe scurt in Sectiunea 3.1, mentionand problemele generale care necesita a fi
rezolvate, exemple concrete de probleme precum si metodele de rezolvare care urmeaza a
fi abordate.

Anumite rezultate care fac parte din munca de cercetare curenta sunt prezentate in
ultimele doua sectiuni ale capitolului. Astfel, pe termen scurt, ne propunem sa finalizam
proiectul de cercetare inceput cu V. Pescar si D. Breaz, in directia gasirii de aplicatii
pentru operatori integrali univalenti in domeniul mecanicii fluidelor. Cateva rezultate
referitoare la univalenta solutiei problemei inverse pe frontiera, obtinute impreuna cu V.
Pescar, sunt descrise in Sectiunea 3.2. De asemenea, ne propunem sa finalizam proiectul
de cercetare inceput cu S. Owa, J. Nishiwaki si D. Breaz, legat de studiul unor clase de
functii analitice utilizand subordonari diferentiale. Aceste clase sunt construite pornind
de la definitia stelaritatii respectiv a convexitatii, anumite rezultate deja acceptate spre
publicare, fiind descrise in Sectiunea 3.3.

Alte directii de cercetare pe care le avem in vedere sunt legate de urmatoarele
aspecte: extinderea altor criterii de univalenta de la functii la operatori integrali, in
aceeagi maniera 1n care am lucrat cu criteriul de univalenta dat de Pascu, in cadrul
rezultatelor prezentate in Capitolul 2, studiul unor operatori integro-diferentiali, analiza
rezultatelor deja obtinute prin prisma gasirii functiilor extremale, gasirea unor aplicatii
pentru rezultatele teoretice obtinute (ca spre exemplu, cea din Sectiunea 3.2) si utilizarea
unor soft-uri specializate, in vederea evidentierii unor proprietati geometrice ale imaginilor

operatorilor integrali.
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Chapter 1

Basic concepts

1.1 Classes of analytic functions

In this section we recall definitions and properties of those classes of analytic functions
that will be of interest in the whole thesis. (see Mocanu et al, [65])

Definition 1.1.1. We consider and denote by A, the class of analytic functions
(holomorphic) in the open unit disk, U = {z € C: |z| <1}, as the class of functions

having the form
f(z):z—i-Zakzk, (1.1.1)
k=2
normalized by the conditions f(0) = f'(0) — 1 =0 (regular function).

One of the main concept in geometric function theory is the univalent function
(holomorphic and injective), concept that was studied for the first time by P. Koebe, in
1907).

Definition 1.1.2. An analytic (holomorphic) and injective function on the domain
U, UCC,U={2€C:|z] <1} is called an univalent function on U. We denote by S,

S C A, the class of univalent functions in the open unit disk.

Remark 1.1.3. (see [65]) The necessary condition for a function to be univalent is to
have not nule derivative, f'(z) # 0,Vz € U.

Necessary and sufficient conditions for univalence were obtained for the first time in

1931 by Gh. Calugareanu, after that being studied by many authors, among we recall here
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1.1. Classes of analytic functions

Z. Nehari, C. Pomerenke, A.W. Goodman, G. M. Goluzin, etc. ([42], [65])), more recent
research directions being based on the theory of differential subordinations introduced by
P.T. Mocanu and S.S. Miller ([63]).

Definition 1.1.4. Let f, g be holomorphic functions. We say that f is subordinated to
g, [ < g if there exists a holomorphic function w, with w(0) = 0 and |w(z)| < 1, z € U,
such that f(z) = gw(z)], z € U.

Remark 1.1.5. (see [65]) For f, g holomorphic functions and g univalent function, it
holds: f < g < f(0) =0and f(U) C g(U).

In what follows, we recall some univalence criteria and other usefull lemmas that we

need for proving the results from the next chapters.

Lemma 1.1.6. (Ozaki-Nunokawa Lemma, [81]) If f € A satisfies the condition

21 (2)
12 (%)

—1‘ <l,zel (1.1.2)
then f is univalent in U.

Lemma 1.1.7. (Becker Lemma, [81]) If the function f is regular in the open unit
disk U,f (2) = z + asz® + ... and

2f" (2)
f'(z)

for all z € U, then the function f is univalent in U.

(1— 12 (1.1.3)

Lemma 1.1.8. (Ahlfors-Becker Lemma, [81]) Let ¢ be a complex number, |c| <
Lc# —1. If f(2) = 2 + a22” + ... is a reqular function in U and

21 (2)
)| =t

for all z € U, then the function [ is univalent in U.

clz” + (1- |Z|2) (1.1.4)

Lemma 1.1.9. (Generalized Schwarz Lemma, [81]) Let f be a regular function
in the disk having the radius R, Ur = {z € C;|z| < R}, with |f(z)| < M, M fized. If f

has in z = 0 one zero with multiplicity > m, then
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1.1. Classes of analytic functions

M m
1f(2)| < T |2|", 2 €Ur (1.1.5)
the equality (for z # 0) takes place only for f(z) = ewRMm 2™, where 0 is a constant.

Among the classes of univalent functions, the most used are those having geometric
properties, the class of convex functions, respectively, the class of starlike functions. We
recall here the definitions of these classes and also the definitions of some other classes of

analytic functions by using their analytic characterization (see [65]).

Definition 1.1.10. We call the class of starlike functions of order o, 0 < o < 1, the

class of functions satisfying the following analytic condition:

S (a)—{fEA:Re{ZJJ:/(S)} >a,z€L{}. (1.1.6)

Remark 1.1.11. The class of starlike functions of order o was introduced by Robert-

son. For a = 0, we have the class of starlike functions introduced by Alexander (see [65]).

Definition 1.1.12. We call the class of convex functions of order a, 0 < a < 1, the

class of functions satisfying the following analytic condition:

K(a):{feA:Re{Z]{i//(ij)+l} >a,z€U}. (1.1.7)

Remark 1.1.13. The class of convex functions of order a was introduced by Robert-

son. For av = 0, we have the class of convex functions introduced by Study (see [65]).

Definition 1.1.14. We call the class of Caratheodory functions, the class of functions

satisfying the following analytic condition:

P = {f analytic: f(0) =1, Re f(z) >0,z € U}. (1.1.8)
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1.1. Classes of analytic functions

The following lemma (Mocanu and Serb Lemma) constitutes a criterion for a func-
tion to be in a subclass of starlike function, hence it is also a criterion of starlikeness and

consequently, a criterion of univalence.

Lemma 1.1.15. (Mocanu and Serb Lemma, ([66]) Let M, = 1.5936... the positive

solution of equation

(2— M)eM =2. (1.1.9)
If fe Aand o
f,((j)) <M, zeU, (1.1.10)
- ZEON 1‘ <1, zeUl. (1.1.11)
f(z) ’

The bound My s sharp.

Lemma 1.1.16. (Nehari Lemma, ([68]) If the function g is reqular in U and
lg (2)] <1 in U, then for all§ € U and z € U, the following inequalities hold:

1—g(2)g(&)] ~ 1 -
1—1g(z 2
9 (2) < 8O0 (1113
1 -]
The equalities hold only in the case g (z) = ﬁ;ﬂ;‘), where | =1 and |u] < 1.

Remark 1.1.17. (Nehari Remark, ([68]) For z = 0, from the inequality (1.1.12),

we have

9()—90) | _ 1114
-]~ " .
and hence
€]+ 19 (0)]
g (Ol < 1= OGN (1.1.15)
Considering ¢ (0) = a and £ = z, we have
2] + |al
l9 () < 77 a1zl (1.1.16)

forall z € U.
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1.2. Integral operators

Lemma 1.1.18. (Kudriasov Lemma, [65]) Let f € A. If
’f”(Z)
f'(z)
for all z € U, where K = 3.05 (see the Remark 1.1.19), then the function f is univalent
in U.

<K, zel, (1.1.17)

Remark 1.1.19. (Kudriasov Remark, [65]) The constant K is a solution of the

ecuation,

=

8[r(x—2)7°" —3(4—12)*=12. (1.1.18)

The Kudriasov result is not sharp, but the maximum value M for which the Kudriasov
condition implies univalence is proved to be M € [K, 7], since the function f (z) = e* is

univalent if and only if |A| < 7 (see [65]).

Lemma 1.1.20. (Mocanu Lemma, [65]) Let be f € A. If

f"(z)
f'(z)
for all z € U, where M = 2.83, then the function f is starlike in U.

<M, zel, (1.1.19)

Remark 1.1.21. (Mocanu Remark, [65]) The constant M is M = /1 + y2, where

Yo is the smallest positive root of the equation,

1
ysiny + cosy = —. (1.1.20)
e

The same criterion of starlikeness (and consequently, criterion of univalence) was obtained

by V. Anisiu and P.T. Mocanu in the paper [3], using different methods of proving.

1.2 Integral operators

An important field in geometric function theory is given by the study of integral oper-
ators on spaces of analytic functions), the first mathematician who introduced an integral
operator on a class of univalent functions being J.W. Alexander, in 1915.

In this section we recall some well known integral operators that were used as a basis to

define our new introduced integral operators and also, a few classical univalence criteria

19



1.2. Integral operators

that were the most used in this thesis, in order to prove our results. Other known results
will be recalled within the next chapters, only in the sections where they are needed.
The integral operators bellow are mentioned by their analytic formula and a denotation
that is used all over the thesis, mentioning also the mathematicians who introduced them.
More details on these operators can be found in various books in the literature, as for
example in the books of D. Breaz et al, [7] and [81].

e Alexander operator, 1915

L (f) () = /0 SO g (1.2.1)

e Kim-Merkes operator (also atributed to Causey), 1963, a complex number

I, (f) (Z)Z/OZ {@} dt (1.2.2)
e Libera operator, 1965
LG =2 [ roa (123

e Bernardi operator, 1969, v complex number

O AL (124

z

e Pfaltzgraff operator, 1975, o complex number

L (f) (=) = / ) de (1.2.5)

e Mocanu-Miller-Reade operator, 1978, «, 3,7, d, complex numbers, f # 0, a + 0 =

B+ v,Re(a+d) >0, D, ¢ functions of the form g(z) = 2+ > apz®, ®(2)p(2) #0,2 €U
k=n
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1.2. Integral operators

1

Bty [7 4 51,17
Z)/O £ () (£) £t (1.2.6)

270 (

LN e - |

Over the years, many mathematicians have studied the univalence of these and other

integral operators, among we recall here the following two results:

Lemma 1.2.1. (N.N. Pascu univalence criterion, ([76]) Fie o € C,Rea > 0,
feA If

1— ‘Z|2Reoc Zf// (Z)
<1 1.2.
Ro 7 | S Nzel (1.2.7)
then for VB € C,Ref > Rea, we have
2 1/8
Fs(z) = ﬁ/tﬂlf’ (t)dt €S. (1.2.8)

0

Lemma 1.2.2. (Pescar univalence criterion, ([79]) Let a, ¢ complex numbers,
Rea >0, |¢| < 1,¢# —1 and f a regular function U. If

ez + (1- |Z|2o¢) ZJ;:EE; <l,zelu (1.2.9)
then .
F,(2) = a/uo‘lf’ (u)du| €8. (1.2.10)
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Chapter 2

Contributions

2.1 General integral operators

In the papers [9], [10], together with D. Breaz, we introduced four integral operators
which extend some of the classical operators recalled in the previous chapter, by using
more than one function in the construction of the operators. For these operators, we
obtained univalence criteria which generalize the univalence criteria given by V. Pescar,
respectiely V. Pescar and S. Owa. The paper [9] has over 100 citations, being a reference
for other new integral operators that in the meantime were defined by us or by other
mathematicians. In what follows, we present these integral operators, by mentioning the
type of them and also the authors who’s integral operator was generalized by ours:

e Kim-Merkes type operator - generalization of Kim-Merkes operator

z

Ti(z) = / (flT(t))a _ (f%t))“ dt (2.1.1)

Remark 2.1.1. The operator (1.2.2), introduced by Kim and Merkes can be obtained

forn=1.

e Kim-Merkes type operator - generalization of Pascu - Pescar operator

1

z

Jo(z) = 5/15/“ (flT(t))al _— (f"t(t>)an dt ﬂ (2.1.2.)

Remark 2.1.2. For n = 1, we get the integral operator introduced by N.N. Pascu
and V. Pescar (see [81]).
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2.1. General integral operators

o Pfaltzgraff type operator - generalization of Pascu - Pescar, respectively Pescar- Owa

operators
. 1/8
Jy(z) =4 3 / B (] de (2.1.3)

0

Remark 2.1.3. For p =1, § = 1, we get the integral operator introduced by N.N.
Pascu and V. Pescar, respectively, for p = 1, we recover the operator introduced by V.
Pescar and S. Owa (see [81]).

o Pfaltzgraff type operator - generalization of Pascu, respectively Pescar-Owa opera-
tors
2 1/8

Ja(z) = 5/tﬁ_1 AP ) dt (2.1.4.)

0

Remark 2.1.4. For n = 1, 7; = 1, we get the integral operator introduced by N.N.
Pascu, respectively, for n = 1, we recover the operator introduced by V. Pescar and S.
Owa (see [81]).

We recall here only one result as an example of the univalence criteria that we ob-

tained, the others being accesible through the papers [9], [10], together with the proofs.

Theorem 2.1.5. ([9]) Let o, €C, f, €S, fu(2) =2+ ajz?+ajz®+.., n e N*. If

/ —
G =B o e vieu, (2.1.5)
nl +fasf £ Flan] (2.1.6)
lag - ag - ey
1
ag - Qg < (2.1.7)

9 Y
max|.|<1 [(1 — |z ) 2l 1‘erlljl|~‘\:2"|}

where .
agag + .+ anay|

le| = (2.1.8)

lag - -]
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2.2. Starlikeness condition for Bernardi operator

Proof. In order to prove this result it is sufficient to apply Becker’s univalence criterion,
Lemma 1.1.7 (see [9]) .

then

18 univalent.

2.2 Starlikeness condition for Bernardi operator

In the paper [11], together with D. Breaz, we studied the starlikeness of the Bernardi

operator defined in the formula (1.2.4) and we got the following main result:

Theorem 2.2.1. ([11]) Let v> 0,0 < a < 1,—1 < b < 0 be real numbers and let be

the function

_1+az n(a—1"b)z
LS Sy e Gy ¥ iy o g L (22.1)
If
FeA, (f(z2)=2+4ap 12" +ap02"?+...), 2€U
and
ZJ{/(S) < h(z) (2.2.2)
then

.(1—a
I4€S <1—b)

Proof. In order to prove the starlikeness, we need to apply differential subordinatons
(see [11]).

In the same paper, we considered the following more general integral operator:

ZZ?:l ﬁz

k 2 k
Fy(z) = Hz—ﬂﬁ/o (H fi (t)) 5 BNt B> 0,0 = 1,k (2.2.3)
=1

Remark 2.2.2. It can be easily noticed that by chosing suitable values of the pa-
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2.3. The univalence of Mocanu-Miller-Reade type operator on the Ozaki-Nunokawa
class

rameters that define the integral operator from above, we can obtain as particular cases,
both operators (1.2.1) and (1.2.4), the integral operators introduced by Alexander and
respectively, by Bernardi.

In the paper [11], we obtained for this general operator, a similar starlikeness
condition as that presented in Theorem 2.2.1, thus the result covers starlikeness conditions

for both Bernardi and Alexander operators.

2.3 The univalence of Mocanu-Miller-Reade type op-

erator on the Ozaki-Nunokawa class

In the papers [26] and [14], together with D. Breaz and H. M. Srivastava, we proved
two univalence criteria of an integral operator defined as a generalization for n functions
of an operator given by V. Pescar. Both ours and Pescar operators are particular cases of
Mocanu-Miller-Reade operator, (1.2.6), hence we call them here as Mocanu-Miller-Reade
type operators. The operator was studied on a class of univalent functions, introduced
by Ozaki and Nunokawa, defined by the formula (2.3.2). The general integral operator

introduced and studied by us is defined as follows:

e Mocanu-Miller-Reade type operator - generalization of Pescar operator

1
z n(a—1)+1

Jo(2) = [n(a—1)+1]/g§—1 () e g™ (8) dt (2.3.1)

Theorem 2.3.1. ([14]) Let M > 1, g; € A, Vi = 1,n, n € N* satisfying Ozaki-

Nunokawa condition,

2
Zfz(z)—1‘§1,vzeu,v@':1,_n (2.3.2)
9; (2)
and o € C, satisfying conditions
| 1| < Rea
a —_— —
“n(2M +1)’
Re{n(a —1)+ 1} > Rea. (2.3.3)

If
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2.4. Convexity properties for a general integral operator on some classes of univalent
functions

gi(2)| <M, VzeUNi=T,n, (2.3.4)

then J5(2) is univalent.
Proof. We apply Schwarz Lemma, 1.1.9 and N.N. Pascu univalence criterion for in-

tegral operators, Lemma 1.2.1.

Theorem 2.3.2. ([26]) Let M > 1, g, € A, Vi = 1,n, n € N* satisfying Ozaki-

Nunokawa condition,

2/
Zzgi(z)—1‘g1,vzeu,v@':1,_n (2.3.5)
9; (2)
and o € R, satisfying conditions
2M +1)n
1<a< 2.3.
=Y 0M+)n-1 (2:36)
If c € C, with
l—a
el <1+ ( ) 2M +1)n (2.3.7)
and
l9:(2)| <M,V 2€UVi=1,n, (2.3.8)

then Js(z) is univalent.
Proof. In order to prove the univalence, we apply the univalence criterion of Ahlfors-

Becker type, given by Pescar, Lemma 1.2.2.

2.4 Convexity properties for a general integral oper-

ator on some classes of univalent functions

The results from this section are based on the paper [15]. Together with D. Breaz,
we have studied convexity properties for the following general integral operator of Kim-

Merkes type, introduced by us:

e Kim-Merkes type operator - generalization of Kim-Merkes operator
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2.4. Convexity properties for a general integral operator on some classes of univalent
functions

o= [ (B0)" (0" 2.1

The following classes of univalent functions were used:

e Stankiewicz-Wisniowska class SH (), > 0, ([98])

SH () = {f €S ZJ{/(S) Yy (\/5— 1)‘ < Re{\/ﬁsz/(i?} +28 (\/5— 1) 2 eu}
(2.4.2)
e SP, Ronning class
SP:{fGS:Re{Z;/(S)} > Z]{,(z) —1 ,ZEL{} (2.4.3)
e Ronning class SP (a, 8), a > 0,5 € [0,1)
SP (o, B) = {f €S ZJ{N(S) —(a+ 5)' < Re{zj:l(z)} ta-Bz€ u} (2.4.4)

Theorem 2.4.1.([15]) Let o, i € {1,...,n} be real numbers with the property o; > 0,
ie{l,..,n} and

. V2
D ;< 1) v (2.4.5)

i=1
If fie SH(B),i={1,....,n}, B> 0, then the integral operator J is convez.

Proof. In order to prove the convexity, we need to apply the analytic characterization

of a convex function.
Theorem 2.4.2.([15]) Let a;,i € {1,....,n} be real numbers, having the property

a; >0,ie{l,...,n} and > oy < 1. Daca f; € SP, i = {1,...,n},then the integral
operator Jy is convex of order 1 — 3" | .
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2.5. Univalence criterion for Senivasagan-Breaz integral operator

Proof. We apply the analytic characterization of convex functions of a given order,
(1.1.7).

Corollary 2.4.3.([15]) The Alexander operator maps the functions from the class SP

i the class of convex functions.

Theorem 2.4.4.([15])] Let oy, € {1,...,n} be the real numbers having the property

a; >0,ie€{l,..,n} and
i 2.4.6
Z R B +1 ( )

If fi € SP(a,5), i = {1,..,n}, a > 0,8 € [0,1), then the integral operator J; is
convez of order (f —a —1)Y " a; + 1.

2.5 Univalence criterion for Senivasagan-Breaz inte-

gral operator

In the paper [19], we proved an univalence criterion and some secondary results for

the following Kim-Merkes type operator, introduced by Senivasagan-Breaz in 2007:

=

i(JCjTW));jdu , (2.5.1)

where f; € A, 3,7, complex numbers, 3 # 0, v; # 0, j = 1,n, n € N—{0}.

J

Hy o ooyp(2) = 5/Uﬁ1
0

The operator is studied on the class of univalent functions given by Ozaki and Nunokawa,

using the condition (2.5.2). Here we recall only the main result.

Theorem 2.5.1. ([19]) Let M > 1, f; € A, satisfying Ozaki-Nunokawa condition,

2 fi(2) ‘ -
—1|<1,VzelU,Vji=T1n, 2.5.2
O g (252
B real number, with
B> (2M+1) /|yl (25.3)
j=1
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2.6. Class preserving properties for a Pfaltzgraff type general integral operator

and ¢, complex number. If

1 2M + 1
c<1——= 2.54
| B Zl % ( )
and
(<MY =T, (25.5)

then the operator, H,, ., . ~. g 15 in the class S.

Proof. We apply Schwarz Lemma, 1.1.9 and the univalence criterion of Ahlfors-Becker

type, given by Pescar, Lemma 1.2.2.

2.6 Class preserving properties for a Pfaltzgraff type

general integral operator

In the paper [29], we introduced and studied together with D. Breaz and S. Owa, a new
general integral operator of Pfaltzgraff type, obtaining some class preserving conditions,
on various classes as univalent, starlike, convex, convex of a given order and respectively,
uniformly convex functions classes.

The following operator was considered:

Jo (2) = /0 (F ()™ oo (fL () dt, oz > 0. (2.6.1)

Besides the classes recalled in the Section 1.1, we used also the class of uniform convex

functions, introduced by Goodman as follows:

- {ream{in )

2f" (2)
f'(2)

z € u} . (2.6.2)

Next result gives an univalence criterion for the operator (2.6.1):

Theorem 2.6.1. ([29]) Let o; > 0, f; € A, i € {1,...,n}, satisfying the Kudriasov

condition,
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2.6. Class preserving properties for a Pfaltzgraff type general integral operator

fi' (2) :

! <K zelU),1e{l,..,n}, 2.6.3

e (eU)ie{l . .n) (263
where K = 3.05... and > a; < 1, then Jg € S.

i=1

Proof. In order to prove the univalence we apply Kudriasov Lemma, 1.1.18.
In what follows, a starlikeness theorem is presented:

Theorem 2.6.2. ([29]) Let a; > 0, f; € A, i € {1,...,n}, satisfying Mocanu condi-

tion,
fi'(2) .
S <M zelU),1e{l,..,n}, 2.6.4
e (eU)ie {L.n} (26.4)
where M = 2.83... and Y «o; <1, then Jg € S*.
i=1

Proof. To prove the sta_rlikness, Mocanu Lemma, 1.1.20 was used.

The integral operator that we studied preserves also the class of convex functions, as

it can be seen in the next result:

Theorem 2.6.3. ([29]) Let a; >0, fi € K, i € {1,...,n}, then Js € K.
Proof. We apply the analythic characterization of the convexity recalled in the Sec-
tion 1.1.

In the next theorem, we prove the convexity of a given order for our integral operator:

Theorem 2.6.4. ([29]) Let oy > 0, f; € K(B;), 0 < 5; < 1,1 € {1,...,n}. If
i=1 —1

1=

Proof. To prove this result, we use the analythic characterization of the convexity of

a given order, (1.1.7).
Finally, we found also conditions for the integral operator to be uniformly convex:

Theorem 2.6.5. ([29]) Let a; > 0, f; € UCV, i € {1,...,n}. If > oy < 1, then
i=1

J6 e (1— Zal)
i=1
Proof. The analythic characterization of the uniform convexity, (2.6.2), is applied.
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2.7. The behaviour of two general integral operators on functions of complex order and
real type

2.7 The behaviour of two general integral operators

on functions of complex order and real type

In the paper [8], together with D. Breaz and M.K. Aouf we studied the behaviour
of the following general integral operators, of type Kim-Merkes and Pfaltzgraff, on some

classes of analytic functions of complex order and real type:

e Kim-Merkes type general integral operator Breaz-Breaz

z

Ti(z) = / (flT(t))a . (ﬁLT“))a dt (2.7.1)

o Pfaltzgraff type general integral operator Breaz-Owa-Breaz

Jo () = / L) o (f ()™ de (2.72)

B. Frasin introduced the so-called classes of analytic functions of complex order and

real type:

e The class of starlike functions of complex order b and real type «, S%(b), b € C—{0},
0<ax<l
1 !
S*(b) = {feA:Re{1+E(Zf(<§) —1)} >a} (2.7.3)
z
e The class of convex functions of complex order b and real type o, C,(b), b € C—{0},
0<axl1

Ca(b):{feA:Re{lJr%qu(z)}>a} (2.7.4)

Remark 2.7.1 i) For b = 1, we have S(1) = S*(«), the class of starlike functions of
order «, respectively, C,(1) = K(«), the class of convex functions of order «.
ii) For v = 0, S;(b), the class of starlike functions of complex order b was introduced by
Nasr and Aouf.
iii) For a = 0, Cy(b), the class of convex functions of complex order b was introduced by
Wiatrowski.
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2.8. Convexity order and coefficients estimates for two general integral operators, on
convex functions related to a hyperbola

Using the analythic characterization for the above mentioned classes, we have the fol-

lowing results:

Theorem 2.7.2. ([8]) Let a;,i € {1,...,n}, be real numbers having the property
a;>0,i1e{l,..,n} and X oy < 1. If f; € S§(b), i ={1,....,n}, b € C—{0}, then the

integral operator J; € C,(b), where y =1— )" a.
i=1

Theorem 2.7.3. ([8]) Let oy, i € {1,...,n}, real numbers having the property o; > 0,
ie{l,..,n} and Y a; < 1. If fi € Co(b), t = {1,...,n}, b € C— {0}, then the integral
operatorJs € C,(b), where y =1— )" o.

=1

2.8 Convexity order and coefficients estimates for two
general integral operators, on convex functions

related to a hyperbola

In the papers [100] and [32], together with N. Ularu, respectively, D. Breaz and M. Acu,
we found the convexity order for two general integral operators and obtained an estimation
for the first two coefficients of the operators, on the class of functions CVH (), > 0

(convex functions related to a hyperbola), introduced by M. Acu and S. Owa as follows:

CVH(p) =
2f"(2) 2f"(2)
: -2 2—1 1] < Ry 2 2 2—1 2 )
{feA ) 3(V2-1)+1| <Re VBt B(V2-1)+v2zeu
(2.8.1)
The following two general integral operarors are considered:

e Pfaltzgraff type general integral operator Breaz-Owa-Breaz

Jo (2) = / FL OV o (f (O™ dt, 7 > 0,1 = Ln. (2.8.2)
0
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2.8. Convexity order and coefficients estimates for two general integral operators, on
convex functions related to a hyperbola

e Pfaltzgraff/Kim-Merkes type general integral operator Pescar

K(z) = /Olj (fi’(t))% (@)m dt,n;, v > 0,i = 1,n. (2.8.3)

First we get a convexity of a given order criterion for each of the operators mentioned

above, by applying the analythic characterization of the class CV H (f3):

Theorem 2.8.1.([32]) If fi € CVH (B:), Bi > 0, v; > 0, i € 1,n, then the integral

operator Jg is in the class K («), with the condition, 0 < a < 1 where

a=1-3 ~- (2 - \/5) 3 b (2.8.4)

=1 =1

Theorem 2.8.2.([100]) If f; e CVH (B:), B >0, g; € S* (), 0 <y < 1, 3, m; > 0,
i € 1,n, then the integral operator K is in the class K («), with, 0 < o < 1 where

azl—Z%—(2—\/5)27iﬁi+2ni(ai—l). (2.8.5)

The following result gives some coefficient estimates for the operator Jg, on the above

mentioned class:

Theorem 2.8.3. ([32]) Let be fi € CVH (B;), B; > 0,i € 1,n,
fiz) =24 a7 i=Tn. (2.8.6)
=2

If we consider the operator Jg, with n = 1 and the analytic form of this is

Jo(2) = z—i—ijzj, (2.8.7)
=2
then:
I 1448
by| < = —_ 2.8.
|2|_2Z(1+2&-)’ (2.8.8)

=1
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2.9. Univalence of a general integral operator based on a number of functions, related
to a complex number

1+ 48;)(3 + 163; + 2432
Ib3I<Z Bi)( B B7)

12(1 4 23:)3
3 =1 ( (1+28) .;k;l m) - (2.8.9)

Proof. We apply the estimation obtained by M. Acu and S. Owa, for the coefficients
of the functions from the class CV H (B).

Remark 2.8.4. The estimation of the coefficient was given also for the operator K,
n [100], for the case when both sets of functions are in the classes of type CV H ().

2.9 Univalence of a general integral operator based
on a number of functions, related to a complex

number

Together with D. Breaz and V. Pescar, we studied in some papers, various general
integral operators for which the number of functions that compose the operator depends
on a complex number. For these operators we obtained various univalence criteria as for

example, those from [39].
We defined the following integral operator:

e Kim-Merkes type general integral operator, Breaz-Pescar-Breaz

1

o o U ﬁ nB
() = {nﬁ [ (B F (A0 du} |

B) % Complel‘ numbers, Vi 7é 0, B 75 0, R€77 ¢ [07 1) J=1, |[R€’I7]| (291)

For this operator, we recall here the following univalence criterion obtained in the paper [39]:

Theorem 2.9.1. ([39]) Let 5,1, o, yj, complex numbers, v; # 0,8 # 0,a = Rea > 0, Ren ¢
0,1) and f; € S, j =1,|[Ren)]|. If

1

1
M ‘ , for 0<a< - (2.9.2)

2

1\3\9
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2.10. General integral operators, on the subclasses of univalent functions S(«) and 75,

or

£
)

n]|
1 1
— <, (2.9.3)
[yl — 4

1
>
for a_2,

<.
Il
—_

then for every complex number, 5, Re n8 > a, the integral operator J7 is in the class S.
Proof. To prove the univalence, we apply Becker type criterion given by N.N. Pascu, Lemma
1.2.1.

2.10 General integral operators, on the subclasses of
univalent functions S(a) and T3,

Together with V. Pescar, in the paper [83], we studied the behaviour of the general integral
operator (2.10.3), introduced by Senivasagan and Breaz, on the subclasses of univalent functions
S(c) and Ty, studied by Ozaki, Nunokawa, Yang, Liu, Singh and others.

In what follows, we recall the analytic definitions of these classes:

e The class 15 ,, 0 < < 1

Top = {f €S, f(z)=z+ iakz’k : 22‘5/ (2) _ 1’ <, 2 EU} (2.10.1)
2T
e The class S(a), 0 < < 2
S(a) = {f cA: ‘(f(i)) <a,f(z)£0,z€ u} (2.10.2)

and also the formula of the general integral operator of Kim-Merkes type, introduced by Seni-

vasagan and Breaz

1
B

Hyy sy 8(2) = B/uﬁll_[ (fjftu))”du : (2.10.3.)
0

J=1

with f; € A, ,7; complex numbers, 3 # 0, v; #0, j = 1,n, n € N - {0}.

On the above mentioned classes, we obtained the following univalence criteria:

Theorem 2.10.1. ([83]) Let y;, o be complex numbers, v; # 0, j = 1,n, Rea > 0, M; real

pozitive numbers, M; > 1 and f; € Tap, fj(2) = 2z +asjz® + ..., j =1,n.

If
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2.11. Convexity of two general integral operators on the classes of some special analytic

functions
1fi (2)] < Mj, (zelU; j=1,n) (2.10.4)
and
- )M, +1
> Wt DM +1 oy, (2.10.5)

= 71

then for any complex number, B, ReB > Rea, the function

Hy o,yn,8(2) = ﬁ/uﬁ—l <fl£“>)“ (fnu)>% du (2.10.6)

u
0

=

s in the class S.

Proof. We apply Schwarz Lemma 1.1.9 and the univalence criterion for integral operators

given by N.N. Pascu, Lemma 1.2.1.

Theorem 2.10.2. ([83]) Let v; be complex numbers, v; # 0, j = 1,n, a real pozitive
number, 0 < a < 2, M; real pozitive numbers, M; > 1 and f; € S(a), fj(2) = z + azjz* +

a3jz3 + ..., 5=1n.

If
1fi(2)| < Mj, (z€U; j=1,n) (2.10.7)
and
=\ M; +1 e M+ 1 +1
2y L t(at+) e Y ———<alat+1) =, (2.10.8)
= il = il

then for any complex number 3, Ref > «, the integral operator Hy, , . . s belongs to the class

S.

2.11 Convexity of two general integral operators on
the classes of some special analytic functions

In [33], together with D. Breaz and M. Darus, we studied the convexity of two of our general

integral operators, on the classes of some special analytic functions.

First, we recall the classes of analytic functions, introduced by M. Darus. It can be noticed
that for a = 0, 8 = 1, the classes are reduced at those introduced by Goodman, respectively,

the class of uniform convex functions and the class of uniform starlike functions:

e The class of S-uniform convex functions of order o, § —UCV(a), -1 < a <1, >0
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2.12. Univalence of a general integral operator based on regular and Caratheodory
functions

2f"(2)
f'(2)

B—ucwa):{feA:Re{HZ}f,/;z) —a} > B

,zGU} (2.11.1)

e The class of S-uniform starlike functions of order o, f — Sp(a), =1 < a <1, >0,

B—Sp(a)Z{fGA:Re{Z}féS) —a} >

%ﬂg>_1wzeu} (2.11.2)

On these classes the following general integral operators are studied:

e Kim-Merkes type general integral operator Breaz-Breaz

Ji(z) = / <f1t<t>>” e (f”t@)% " (2.11.3)
0

o Pfaltzgraff type general integral operator Breaz-Owa-Breaz

Jo (2) = /0 (FL )" (F (6) ™ dt (2.11.4)

Applying the analythic characterization for the above mentioned classes, we get the following

convexity properties (convexity of a given order):

Theorem 2.11.1.([33]) If fi € B —UCV(ai), =1 S a; < 1, B; > 0, % > 0, i € {1,...,n}

and Z Yi < %; then J6 € lC(p),where P = L+ Z Vi(ai o 1)'
i=1 =1

Theorem 2.11.2.([33]) If fi € Bi — Sp(vi), -1 < ; <1, 5; >0, v >0,i€{l,...,n} and
n

> % < 5, then Ji € K(p), where p =1+ 3 vi(ai — 1),
=1 =1

2.12 Univalence of a general integral operator based
on regular and Caratheodory functions

In the paper [38], together with V. Pescar, we obtained three univalence criteria for a general
integral operator built on two sets of functions, respectively regular and Caratheodory functions
(Definition 1.1.14), defined as follows:

e Breaz-Pescar general integral operator
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2.12. Univalence of a general integral operator based on regular and Caratheodory
functions

=

Jo(2) = /611](-’3 ) (g5())% du |, (2.12.1)

where §, «;, B; are complex numbers, 6 #0, f; € A, g; € P, j=1,n.

The operator is studied on the following classes of functions:

e The class of functions Ay

2f'(2) ’ }
Ay = cA: —11<M M>1;, 2.12.2
w={rea: - s (2122
e The class of functions Py,
2 !
PL={feP: <L L>0. 2.12.3
rer |5 j (2123)

For various combinations of functions that compose the operator, we gave the following three

univalence criteria:

Theorem 2.12.1. ([38]) Let §, o, B; be complex numbers, Red > 1, M;, L; pozitive real
numbers, M; > 1, j = 1,n and the functions f; € Ay, gj € Pr,, j = 1,n.
If

. 3v/3
> oy M + 18] L;] < \2[, (2.12.4)
j=1

then the integral operator Jg, is in the class S.

Proof. We apply Pascu criterion, Lemma 1.2.1 and Schwarz Lemma 1.1.9.

Theorem 2.12.2. ([38]) Let v, d, aj, B; be complex numbers, j = 1,n, Re § > Re vy > 0
and the functions f; € Ay, g; € Py, p > 1, with

1
_ (2Rey +1)' e
- 5 -

(2.12.5)

If
> ol + 1850 < (2.12.6)
7j=1

then the integral operator Jg is in the class S.

Theorem 2.12.3. ([38]) Let v, 6, aj, B be complex numbers, j =1,n, Re d > Rey >0
and f; €S, g € P. If
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2.13. Kudriasov type univalence conditions for two general integral operators

- - . [Revy 1
2;|aj|+z;,8j| §m1n{2,2} (2.12.7)
J= J=

then the integral operator Jg s in the class S.

2.13 Kudriasov type univalence conditions for two
general integral operators

Together with V. Pescar, in the paper [85], we obtained sufficient univalence conditions of
Kudriasov type for two of our general integral operators, one of Kim-Merkes type and the other,
of Pfaltzgraff type. From these conditions some corollaries for various particular operators can

be derived, but we present here only the main results.
The following general integral operators are studied:

e Kim-Merkes type Breaz-Breaz operator

Jo(z) = ﬁ/zuﬁ—l (fl(u)yl e (ﬁléu)yn du (2.13.1)

u
0

=

e Pfaltzgraff type Breaz-Breaz operator

. 18
Ta(z) = 5/uﬁ—1 A e [ )] du (2.13.2)

0

The next theorems state for univalence criteria of Kudriasov type, for the above mentioned

operators:

Theorem 2.13.1 ([85]) Let o, v;, be complex numbers, Reaw > 0, the functions f; € A,
j=1,n, n € N—{0} and K pozitive real number, K = 3.05. If

17 (2)
<K, zeUj=1n 2.13.3
7i2) (2.133)
and Bea 1
. ex
Il + el + -+ |l §mzn{4,4} (2.13.4)

then fj € S, j = 1,n and for any complex number, 3, Ref > Rea, the integral operator Jo
belongs to the class S.
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2.13. Kudriasov type univalence conditions for two general integral operators

Proof. We consider the regular function

z

71 TYn
m@y:/<ﬁwv m(h@» du. (2.13.5)
U U
0
Aiming to apply univalence criterion given by N.N. Pascu, Lemma 1.2.1, after some calculus,
TP ) (e 2
zh, (2 z2f1(z zf (2
= —1>+uwum< -—Q,zeU 2.13.6
o (e £a() (213:6)
If we take the modulus, we get
zhy (2) ( 2f1(2) ) <‘Zf’(2) >
L <l|y +1)4+ .. 4| L +1]. 2.13.7
me | =R NFAE (2457

From Kudriasov type hypothesis condition, taking into account Kudriasov Lemma 1.1.18,

we have that f; € S, j = 1,n, hence,

2fj(2)
fi(z)
From (2.13.7) and (2.13.8), we get

<1+|:<:|

elU,j=1,n. 2.13.8
_1_|Z’7 z ] 1 ( )

1_ ‘Z‘2Rea
Rea

zh!(2)
b, (2)

1 _ |z’2Reo¢ 2
Rea 1—|z|

(Il + -+ al) - (2.13.9)

We consider two cases:
1) 0 < Rea < 1. The function s : (0,1) = Re, s(z) =1 —a®**, x = Rea, a = |z|, (0 <a < 1) is

an increasing function, hence,

1— 2R <1— 2%, zeU. (2.13.10)

Using this inequality in the estimation (2.13.9), we have

1— ‘Z|2Rea
Rea

2hl)(2)
(=)

4
Rea

(Iml+ - +1ml), z€U. (2.13.11)

Now, we use the hypothesis conditions on the parameters and further, we get,

1— ‘Z|2Rea
Rea

zh!'(2)

) <1, zel. (2.13.12)

2) Rear > 1. Since the function ¢ is a decreasing function

1_a2$
q:[1,00) = R, ¢q(z) = , z=Rea, a=|z|, (0<a<1)
x
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2.13. Kudriasov type univalence conditions for two general integral operators

we get
Ll I 122, z€U (2.13.13)
—_— — |z z . . .
Rea - ’

Further, using the last formula in the estimation (2.13.9), we obtain

1— |Z’2Rca
Rea

zhin(2)
hy(2)

Now we use the hypothesis conditions on the coefficients, hence we obtain

<4(yl+ .+ lml) - (2.13.14)

1— |2)2Re | 20! (2)
n <1 . 2.13.1
Rea | 702 <1, zeU (2.13.15)

In both cases, we can apply the univalence criterion given by N.N. Pascu, Lemma 1.2.1 and
find that J; € S.

Theorem 2.13.2 ([85]) Let «, v, be complex numbers, j = 1,n, Rea > 0, the functions
fi €A, fi(z) =2z+4ag;2*> + ..., 5 =1,n, n € N— {0} and K pozitive real number, K = 3.05. If

F1(2)
71)

<K, 2€U j=1,n (2.13.16)

and
2Rea+1

(2Rec + 1) 2Rea
2K

then the functions fj € S, j = 1,n and, for any complex number 3, Re8 > Rea, the integral

[yl =+ el + -+ Il < (2.13.17)

operator Jy is in the class S.
Proof. Using both Kudriasov type hypothesis condition and Kudriasov Lemma 1.1.18, it
comes that f; € S, j =1,n.

We consider the regular function

pul2) _/( @)™ (F ()™ du (2.13.18)
0

After some calculation, we have

n(z) _ 2fi(2) zfll(2)
o) VA Tt 1y 2 € U. (2.13.19)

Aiming to apply N.N. Pascu criterion, Lemma 1.2.1, we get the evaluation

1— ‘Z|2Rea
Rea

1 — ‘2‘2Rea
okl [

1"

fzg H . (2.13.20)

f1(2)
f1(2)

2pp(2)
P (2)

’ + .o+ |l
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2.14. Coefficient estimates and modified Hadamard product for classes of analytic
functions, p-valent, with negative coefficients

If in this inequality, we apply the hypothesis Kudriasov type condition, we obtain

1 — ‘Z‘QRea
Rea

1— |Z|2Reoz
Rea

2l (2)
Pn(2)

\z[] (K |yl + ...+ Kml),z€U. (2.13.21)

2a

Now, we consider the function G : [0,1] = R, G(z) = ="z, z = ||, a = Rea. We can

prove that )
max G(z) = ———. (2.13.22)
zeo.1] (20 +1)%5
If we use (2.13.22) and the hypothesis conditions on the parameter, in the last formula, we
get
1— 2Rea "
A7 )| ey (2.13.23)
Rea pl(2)

Applying N.N. Pascu criterion, Lemma 1.2.1, it comes that J4 € S.

2.14 Coefficient estimates and modified Hadamard
product for classes of analytic functions, p-valent,
with negative coefficients

In the paper [43], together with R. El-Ashwah and M. Aouf, we gave coefficients estimates
and studied the modified Hadamard product for some classes of starlike, respectively convex
functions of order «, p-valent, with negative coefficients, defined with a differential operator.
After that, in [36], we extended these results for some other classes of analytic functions, p-

valent, with negative coefficients. Here we present only the more general results.

We denote by Ty(p), the class of analytic functions, p-valent in the open unit disk, ¢/, having

the form:

[e.9]
f(z) =ap- 2P — Zap+nzp+”, (aptn > 0;p e N={1,2,...} ,ap, > 0) (2.14.1)
n=1

For a, = 1%’ we have: f(0) = f/(0) = ... = f®=1(0) = 0 and f®(0) = 1. We denote by T(p),
the class Tp(p) with a, = 1.

We introduced the following classes:

e The class f — USTy(p, g, ) of the p-valent functions, with negative coefficients, 5 - uni-

formly starlike of order «, with respect to the differentiation of order ¢, Breaz-El.Ashwah
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2.14. Coefficient estimates and modified Hadamard product for classes of analytic
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/3 - UST()(]?, q, Oé) =

2 f+a) (5 o f(+a) (5
:{fETD(p):Re{m}zﬁ {W}_l

fD(z)
(zeU;0<a<p—qpe N;p>qqe No=NU{0}, ﬂZO)

+ a} : (2.14.2)

e The class f — UCVy(p, ¢, ) of the p-valent functions, with negative coefficients, 5 - uniformly

convex of order «, with respect to the differentiation of order ¢, Breaz-El.Ashwah

B —UCV(p,q,) =
f(2+q)( ) f(2+q)( )
:{feTO(p):Re{l%—zf(lJrq)(Zz) >0 W

(Z6U;OSa<p—q;p€N;p>q;q€No=NU{0},ﬂZO)

+ a} : (2.14.3)

Particular classes of functions with negative coefficients can be derived if we take different

values for the parameters involved in the definitions:

i) 6=0,a, =1: §—-USTy(p,q,) = S(p,q,c) and B — UCVy(p,q,a) = C(p, ¢, ), Chen,
Irmak and Srivastava; for § = 0, a, = 1 si ¢ = 0, the classes were studied by Owa, Salagean,
Hossen, Aouf and Sekine.

ii) p =1, ¢ = 0: the classes of functions S-uniformly starlike, respectively convex of order «,
Bharati, Frasin; for p =1, ¢ = 0, a = 0: classes of functions - uniformly convex, respectively

starlike, Kanas and Wisniowska.
Next two theorems give information about the coefficients of the functions considered:

Theorem 2.14.1. ([36]) Every function f € f — USTy(p, q, ) satisfies the inequality

(e o]

(m+p—q—a)+Bn+p—qg—1)]-6(n+p,q) - anp

n=1
<[p—q—a)+Blp—q—1)]-0(p,q) - ap, (2.14.4)
where
o plp—1).p—q+1) (¢#0)
(p,q) = e { . (4=0). (2.14.5)

Proof. It can be proved that f € S(p,q,7), v = Cl%g and then, the characterization of the

coefficients from this class, given by Chen, Irmak and Srivastava, is used.
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Theorem 2.14.2. ([36]) Every functions f € 8 — UCVy(p,q, «) satisfies the inequality

Z(W) (n+p-—qg—a)+Bn+tp—q—1)]-0(n+p,q) - antp

=1 p—q
Proof. We show that f € C(p,q,7), v = %

Now, let’s consider the following class:

e The class Ty(k,p,q, ), k>0

To(k,p,q,) ={f € To(p) :
X (n+p—q\
Z(H [(n+p—q—a)+Bn+p—q—1)]6n+p,qapn

<lp—qg—a)+Bp—q—1)]p,qap}. (2.14.7)

We can see that the class Ty(k, p, ¢, ), k > 0 is not empty, containing at least, the function:

f(z) = ap2P—
i [(p—q— )+ B(p—q—1)]d(p,Q)ap - A\prnz"""
n+p— k
n=t (220) (04 p— g — )+ Bln+p— g~ D50+ p,q)

: (2.14.8)

o0
with ap >0, Ay, > 081 D App, < 1.

n=1

The following inclusions hold:

B —To(k,p,q, ) C B —To(c,p,q,a) for k> ¢ > 0.
5 - USTU(p7Q> Oé) - B - TO(Oapaqva)
/8 - UC‘/O(p7Q7a) C B - TO(LP; q, Oé). (2149)

Further we will consider the modified Hadamard product, on the class Ty(p), defined as:
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o0

(fl * g]) (Z) = (lpﬂ'bp’jzp o Z a’p+n,ibp+ﬂ,jzp+n (27] =1,2,3, ) : (21410)

n=1

where

oo
fi(2) = api2” =Y apyni?®" (api > 0iapini > 0),
n=1

o0
9j(2) = by 2P — Z bpin 2P (bpj > 03bpynj > 0). (2.14.11)

n=1

Next theorem describes the behaviour of the modified Hadamard product on our classes:

Theorem 2.14.3 ([36]) Let be the functions fi(z) from the classes § — USTy(p,q, a;)(i =
1,2,3,...,m) and the functions g;(z) from the classes p —UCVy(p,q,v;)(j =1,2,3,...,d). Then
the modified Hadamard product fi * fo* fg* ... % i % g1 % g2 * g3 * ... x gq(2) belongs to the class
B —To(m+2d—1,p,q,p), with

P = max{oq, a2, Q3, ..., Om, V1, V2,73, ~~-,’Yd} . (21412)

Proof. We prove the theorem only for the case m = d = 1 and o; = 7; = «, namely, we
show that if f € 5 —USTy(p,q, ), g € B —UCVy(p,q,) then fxg e —To(2,p,q, ).
From f € f— USTy(p, q, @), using the Theorem of coefficient estimates, 2.14.1, we obtain

[(p—a—a)+Bp—a—1)] 5(p.aq)
(n+p—qg—a)+Bn+p—q—1)]-0(n+p,q) " Gp. (2.14.13)

An+p <

We denote by H(«), the function

(p—g—a)+Bp—q—1) (2.14.14)

H) = oy p—g—a) 1 Bnrp—q -1

and by G(3), the function

G(B) = [(p—a) +Bp—gqg—1)] (2.14.15)

(n+p—q)+Bn+p—q—1)]

Since the functions H(«), G(f) are decreasing functions

5
e (2.14.16)
6(n+p,q)
further, we get,
nsp < n’%piq - ap. (2.14.17)
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On the other hand, since g € 5—UCVy(p, ¢, @), we have, according to the Theorem of coefficient
estimates, 2.14.2,

> (" (et p a0+ B+ -0 - ]800+ by

<[p—q—a)+ B —q—1)]0(p,q)bp. (2.14.18)

Combining the last two inequalities, we obtain that the Hadamard product is in the class g —

To(2,p, q, ), because

5 (ML) o+ p—g-a)+ B0t p— g - 1)

n=1
0(n + P, q)apinbpin

<[p—g—a)+Bp—q—1]p,qapby. (2.14.19)

These three theorems extend known results. For example, for p = 1 and ¢ = 0 we get the

results given by B. Frasin.

2.15 Mocanu and Serb type univalence criterion for
some general integral operators

Here, we obtain new conditions of univalence for two general integral operators, T;, and B,
by applying the improvement of Becker univalence criterion, obtained by Pascu in the paper
[76]. Also, a lemma given by Mocanu and Serb in the paper [66], will be used to get some parts
of the results. These univalence conditions were published as a joint work with V. Pescar in the
paper [86].

In the last decade, some general integral operators, defined as a family of integral oper-
ators, using more than one analytic function in their definition, have been studied with respect
to their univalence (see for example, the works [9], [10] and [81], and many other recent paper
as [38], [57], [97]).

In this section, the univalence study is focused on the following general integral operators:

W=

To(z) = B/uﬂ_l (fl)™ o (fhw) " du p (2.15.1)
0
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2.15. Mocanu and Serb type univalence criterion for some general integral operators

=

u

Bn(2) = ,B/Zuﬂl (fliu)yl <f"(“)>”n (g1)™ ... (gh ()™ du p | (2.15.2)
0

B, Vi, b5, n; complex numbers, 5 # 0, f;,9; € A, j =1,n.

Remark 2.15.1. ([86])

(i) The integral operator T,,, introduced by Breaz and Breaz in the paper [10] is a general
integral operator of Pfaltzgraff type which extends also the operator introduced by Pescar
and Owa([87]), derived from (2.15.1) , for n = 1. This operator has been studied with

respect to its univalence, in many papers (see for example [81] and [85]).

(ii) Let’s consider also the integral operator

|

z

Hy(z) = B/u/“ (‘fliwyl...(f"(“))%du . (2.15.3)

u
0

The integral operator H,, introduced by Breaz and Breaz in the paper [9] is a general
integral operator of Kim-Merkes type, which extends also the operator introduced in [78],

by Pascu and Pescar, derived from (2.15.3) , for n = 1.

Thus, the integral operator B,,, introduced here by the formula (2.15.2) , can be considered
as an extension of both H,, (for n; =0,j =1,n) and T,, (for u; =0,j = 1,n).

Moreover, if in the definition of B,,, we take g = f, we obtain the general integral operator
given by Frasin ([45]), from which, if we take n = 1, we can derive further the operator
given by Ovesea ([70]). Also, some different versions of this operator, B, were studied in

other papers as for example [38] and [57].

In what follows, we present conditions of univalence for these two general integral operators,

T, and B, and related results.

Theorem 2.15.2. ([86])Let cv, y; be complex numbers, j = 1,n, Rea > 0 and the functions
fi €A fi(z)=z+ag;z*>+ ..., 5 =1,n,n € N— {0}, M a positive real number.
If

7(2)
712)

<M, z€U, j=1,n (2.15.4)
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2.15. Mocanu and Serb type univalence criterion for some general integral operators

and
2Rea+1

(2Rec + 1) 2Rea
2M

then for every complex number 3, ReB > Rea, the integral operator T, belongs to the class S.

il + el + .+l < (2.15.5)

Proof. We consider the function
ba(2) = / (FL) ™ o (L ()" du (2.15.6)
0
which is regular in U and ¢,(0) = ¢,,(0) — 1 = 0.

After some calculus we have the following evaluation for the expression involved in the

hypothesis of N.N.Pascu univalence criterion, Lemma 1.2.1, [76],

1— |2 atn(z)| _ 1= o™ f1(2) fi(2)
n o |y [ 22 : 2.15.7
Rea | 5() |5 Rea M| FG] TG (2151
for all z € U.
On the other hand it can be proved that
1 ‘Z’QRea 92
max z| = . 2.15.8
28 Rea (2Rea + 1) “2fea ( )

Hence, if we apply hypothesis conditions (2.15.4), (2.15.5) and also (2.15.8) in the formula
(2.15.7) , the condition of N.N.Pascu univalence criterion, Lemma 1.2.1 ([76]) is satisfied, con-

sequently T, € S.

Remark 2.15.3. ([86])If in Theorem 2.15.2, we take different values for the positive
constant M, we can obtain also some information about the functions f;, 7 = 1,n, not only

about the integral operator. Thus:

(i) For M = K = 3.05 (Kudriasov constant), we have that the functions f;, j = 1,n are uni-
valent (see Kudriasov Lemma 1.1.18). Thus, Theorem 2.15.2 extends the result obtained

by us, using Kudriasov constant in the paper [85].

(ii) For M = 2.83 (Mocanu constant), f;, j = 1,n are starlike and consequently univalent (see
Mocanu Lemma 1.1.20).

(iii) For M = My = 1.5936 (Mocanu and Serb constant), the functions f;, j = 1,n belongs to
some special class of starlike functions, consequently they are univalent (see Mocanu and
Serb Lemma 1.1.15).

Corollary 2.15.4. ([86])Let a, y; be complex numbers, j = 1,n, 0 < Rea < 1 and the
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2.15. Mocanu and Serb type univalence criterion for some general integral operators

functions f; € A, fj(z) =z +agz*+ ..., j =1,n, n € N— {0}, M the positive real number. If

fi(2)
<M, zeU, j=1,n 2.15.9
712 (2:15:9)
and
(2Rea + 1)21;1?;2:1
ol < 2.15.1
vl + el 4 4 | < i (2.15.10)
then the integral operator K, defined by
Kn(z):/(f{(u))% e ()" du (2.15.11)

0

18 in the class S.
Proof. We take 5 = 1.

Remark 2.15.5. ([86])The general integral operator of Pfaltzgraff type K, was introduced

by Breaz et al. in the paper [29].

Theorem 2.15.6. ([86])Let «, 115, 1, be complex numbers, Rea > 0, f;,9; € A, j =1,n,
n € N— {0}, M a positive real number and My = 1.5936... the positive solution of equation

(2— M)eM =2, (2.15.12)
If
/(2)
L <My, z€U,j=1,n, (2.15.13)
j(z)
1
(2
g]/( ) <M, €U, j=1,n, (2.15.14)
gj(z)
and
(2.15.15)

n n
> il + M- [nsl < Rea,
j=1 j=1

then f; € S, j =1,n and for every complex number 3, Ref8 > Rea, we have B,, € S.

Proof. We apply N.N.Pascu univalence criterion, Lemma 1.2.1 for the regular function

bn(2) = O/ ]lj (‘f”i“)y]]i[l (¢ (u))™ du.

(2.15.16)
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2.16. A subclass of multivalent functions involving higher-order derivatives

After some derivative calculus, we get

e R EVAC) | S S Ct N N EF(©) 9(2)
n < ; —1 ; — 2.15.17
Rea b;l(Z) — Rea ; ‘/’L]‘ f](Z) + ’nj‘ ‘Z‘ g;(Z) ’ ( )
forall z € U.

Applying all hypothesis conditions and further, Mocanu and Serb Lemma 1.1.15, for f;,

j = 1,n, we have
1 |Z|2Rea

Rea

20, (2)
b (2)

which according to N.N.Pascu univalence criterion, Lemma 1.2.1 implies that B, € S.

<1, (2.15.18)

Remark 2.15.7. ([86])

(i) For n; = 0,5 = 1,n, we get the same univalence criterion for the integral operator Hp,
recalled in the Remark 2.15.1 (ii), as it was obtained in [80].

(ii) For pj = 0,5 = 1,n, we get a new univalence criterion for the integral operator T,,, based
on the condition Y7, |n;| < Beo and the Remark 2.15.1 could be also reiterated.

2.16 A subclass of multivalent functions involving
higher-order derivatives

In this section we present a new class of analytic and p-valent functions involving higher-order
derivatives. For this p-valent function class, we derive several interesting properties including
coefficient inequalities, distortion theorems, extreme points, and the radii of close-to-convexity,
starlikeness and convexity. Several applications involving an integral operator are also con-
sidered. Finally, we obtain some results for the modified Hadamard product of the functions
belonging to the p-valent function class which is introduced here. The results are published as
a joint work with H.M. Srivastava and R. El-Ashwah in the paper [96].

Let A(p) denote the class of functions of the form:

fR)=2"+ > a2 (peN={1,2,3-}), (2.16.1)
k=p+1

which are analytic in the open unit disk
U={z:2€eC and |z <1}

A function f(z) € A(p) is said to be in the class UST (p, o, B) of p-valent S-uniformly starlike

functions of order « in U if and only if
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2.16. A subclass of multivalent functions involving higher-order derivatives
2f'(2)

2f'(2) )
Re 15}
( f(2) f(z)
On the other hand, a function f(z) € A(p) is said to be in the class UCV(p, «, B) of p-valent

B-uniformly convex functions of order « in U if and only if

p’ (z€U; —=pSa<p;, 820). (2.16.2)

Re (1 + Zﬁ;i)) ) > ﬁ‘ Zf” (2) —p’ (zeU; —pSa<p; 20). (2.16.3)

The above-defined function classes UST (p,a, 8) and UCV(p,«,3) were introduced re-
cently by Khairnar and More [52]. Various analogous classes of analytic and univalent or mul-

tivalent functions were studied in many papers (see, for example, [2], [36] and [51]).

We notice from the inequalities (2.16.2) and (2.16.3) that

Zf’( )

F(2) eUCV(p,a, B) c UST (p, a, B). (2.16.4)

Now, for each f(z) € A(p), it is easily seen upon diﬁerentiating both sides of (2.16.1) ¢ times
with respect to z that

FO%2)=6(p,q)" "+ > 6(k,q)axz""" (g€ No:=NU{0}; p>q), (2.16.5)
k=p+1

where, and in what follows, §(p, ¢) denotes the g-permutations of p objects (p = ¢ = 0), that is,

plp—1)---(p—q+1) (¢ #0)

1 (q=0),

which may also be identified with the notation {p}, for the descending factorial.

Let
—dp—gm)Sa<dlp—qgm), =0 and p>qg+m (p e N; g,m € Np).

We then denote by US,,(p,q;a, 3) the subclass of the p-valent function class A(p) consisting

of functions f(z) of the form (2.16.1), which also satisfy the following analytic criterion:
Lm f(q+m) ( z)

me(q+m)(z)
Re( o) _“> =

We also denote by 7 (p) the subclass of A(p) consisting of functions of the following form:

—d(p—q,m) (z € U). (2.16.6)
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2.16. A subclass of multivalent functions involving higher-order derivatives

fe)=2"— > a¥ (a2 0; peN). (2.16.7)
k=p+1
Further, we define the class
UST m(p; ¢; 0, B) = USim(p, ¢, B) N T (p). (2.16.8)

For suitable choices of p,q, m and (3, we obtain the following known subclasses:
(i) It is easily verified that (see Liu and Liu [56] (with v =1 and n = 1))

USTm (P, g, ,0) = A7 , (m, g, a, 1)
(0<a<d(p—q,m); peN; m,q€No; p>q+m);

(ii) We observe that (see Khairnar and More [52])

UST1(p,0;, ) =UST (p,a, 8) (—p=a<p; $20; peN)

and

UST1(p, 1, ) = UCV(p,, B) (—pSy=a+1<p; B20; peN)

(iii) It is easy to see that (see Aouf [4] (with =1 and n = 1))

UST1 (p,q,a,0) =81 (p,q, 0, 1) OSa<p—gpeN; geNy p>qg+1)

and

UST1(p, ¢, 0) =Ci(pt,y,1)  (0=a<p—gpgeNp>g+lit=g-1 y=a+l)
(iv) We notice that (see Chen et al. [40] (with n = 1))

UST1 (p,q,0,0) = S1 (p,q, ) 0<Sa<p—gpeN; geNy p>q+1)

and

UST1 (p,q,a,0) =Ci (p,t,7) 0=a<p—gpgeN;p>q+lit=q—1; y=a+1).

In what follows we obtain several properties of the class UST ., (p, ¢; o, B). Various other
papers were dedicated to the study of such aspects as we have considered in this section. For
example, different classes of functions with negative coefficients, defined by using some deriva-

tive operators, were studied with respect to their Hadamard product in the paper [1] in the case
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2.16. A subclass of multivalent functions involving higher-order derivatives

of multivalence or coefficient estimates, distorsion bounds and Hadamard product, and in the
paper [50] in the case of univalence. Another class of analytic and multivalent functions was
studied in the paper [67], where the class was proved as being closed under the convolution and

some integral operators (see also the recent works [41], [94] and [95]).
The following results state for coefficient estimates:

Unless otherwise mentioned, we assume throughout this paper that

—6(p—qg.m)Sa<dlp—gqm), B20, ¢gmeNy, peN and p>qg+m.

Our first result (Theorem 2.16.1 below) provides the coefficient inequalities for functions in the
class US, (p, q; ., B).

Theorem 2.16.1. ([96]) A function f (z) of the form (2.16.1) is in the class US,(p, q; @, 3)
if

[e.e]

> [+ B)[6(k —g,m) — 8(p — ¢, m)] + [6(p — ¢, m) — ] 6(k, @)ay, < [6(p — g, m) — o] 5(p, q).
i (2.16.9)

Proof. It is easy to show that

Zm flatm) (2)

sz(q+m)(z)

_5(p—q,m)‘—%( F@02)

- 6(p - Q?m)> § [5(}9 - Q7m) - Oé],

which implies the result (2.16.9) asserted by Theorem 2.16.1.

Theorem 2.16.2 ([96]) A necessary and sufficient condition for f(z) of the form (2.16.7)
to be in the class UST (p, q; v, B) is that

oo

S [+ B)6(k—g,m) —d(p—q,m)] + [6(p — ¢,m) — a]|6(k, @)ar, < [5(p — ¢, m) — o] 5(p, q).
e (2.16.10)

Proof. In view of Theorem 2.16.1, we need only to prove the necessity.
If f(2) e UST m(p,q; e, B) and z is a real number, then

me(q+m)(z)

()

me(qum) (Z)

B TIE

—0(p—q,m)|.
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2.16. A subclass of multivalent functions involving higher-order derivatives

By making some calculations and letting z — 1— along the real axis, we have the desired
inequality (2.16.10)

Remark 2.16.3. ([96]) (i) Taking 8 = 0, Theorem 2.16.2 extends the result for the
coefficient estimates related to the class Aj , (m, g, a,1), which is due to Liu and Liu [56] (with
v=1land n=1)

(ii) Taking ¢ = 0 and p = m = 1, Theorem 2.16.2 extends the result for the coefficient estimates
related to the class STy (v, ), which is due to Frasin [44] (with a; = 1);

(iii) Takingp=m =1,¢=t+1,t =0 and a = v — 1, Theorem 2.16.2 extends the result for the
coefficient estimates related to the class UCT ¢ (v, 8), which is due to Frasin [44] (with a; = 1);
(iv) Taking S = 0 and m = 1, Theorem 2.16.2 extends the result or the coefficient estimates
related to the class Sy (p, ¢, v, 1), which is due to Aouf [4] (with 5 =1 and n = 1);

(v) Taking 8 =0, m=1,g=1t+ 1 and a = v — 1, Theorem 2.16.2 extends the result for the
coefficient estimates related to the class C; (p,t,7, 1), which is due to Aouf [4] (with § =1 and
n=1);

(vi) Taking 8 = 0 and m = 1, Theorem 2.16.2 extends the result for the coefficient estimates
related to the class S (p, ¢, @), which is due to Chen et al. [40] ( with n = 1);

(vii) Taking 5 =0, m=1,¢=t+ 1 and a = v — 1, Theorem 2.16.2 extends the result for the
coefficient estimates related to the class C (p, t,), which is due to Chen et al. [40] (with n = 1).

Corollary 2.16.4. ([96]) Let the function f(z) defined by (2.16.7) be in the class
UST m(p,q; o, B). Then

6(p —g,m) — a]d(p,q)
[(1 + 6)[5(k - Q7m) - 5(p —4q, m)] + [5(]? - Q7m) - a]]5(k’Q)

ap < (k=2p+1). (2.16.11)

The result is sharp for the functions fi(z) given by

2) = 2P — [6(p — g, m) — ] §(p, q) p
fk( ) [(1+B)[6(k_q’m)_5(p_q’m)]+[5(p—q,m)—oz]]é(k,q) (kZp—i- 1).

(2.16.12)
The following two results give distorsion theorems for the functions from our class:

Theorem 2.16.5. ([96]) Let the function f(z) defined by (2.16.7) be in the class
UST m(p, q; o, B). Then, for |z| =r < 1,

‘f(Z)’ > P _ [5(1) - q’m) B a]&(p, Q) Tp+1
- [(1+B)6(p—g+1,m)—6(p—q,m)]+[6(p— ¢, m) — a]]6(p+1,q)
(2.16.13)

and
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[b(p —q,m) —ald(p,q) ey

=T 5k g+ Lm) — 60— q.m)] + 30 — g.m) — al]6(p + La)

(2.16.14)
The equalities in (2.16.13) and (2.16.14) are attained for the function f(z) given by

f(Z) — P _ [5(}7 — 4 m) — Oé] 5(]97 Q) Zp+1

[(A+B)[06(p—q+1,m)—d(p—q,m)]+[06(p — q,m) — a]]6(p+ 1,q)
(2.16.15)

at z=1 and z=re>tOT (5 € 7).

Proof. For k= p+ 1, we have
[(1+B)[6(p — g+ 1,m) = 8(p— g,m)] + [6(p — ¢,m) — a]](p +1,9)

< [(1+B)[6(k—q,m) —d(p—q,m)] + [6(p — q.m) — a]]6(k, q).

Now, using the hypothesis of Theorem 2.16.2, we get

i p [6(p — g;m) — a]8(p, q) . (2.16.16)

k=p+1 [(1+B)0(p—q+1,m) —d(p—g,m)] + [6(p — ¢;m) — o]]o(p+ 1, q)

Lastly, by using the form (2.16.7) of the function, the proof of Theorem 2.16.5 is completed.

Theorem 2.16.6. ([96]) Let the function f(z) defined by (2.16.7) be in the class
UST m(p,q;a, B). Then, for|z| =r <1,

()| = pro - (p+1)[6(p—q,m) —a]d(p,q) o
- [(L+B)[6(p—q+1,m)—d(p— g, m)] + [6(p — q.m) — a]|6(p+ 1, q)
(2.16.17)
and
' o1 (p+1)[6(p — q,m) — a]d(p,q) .
&= T b g+ Lm) 6 —a.m)] + Bl — qm) ot La)
(2.16.18)

The result is sharp for the function f(z) given by (2.16.15).

Proof. Using similar techniques as in our demonstration of Theorem 2.16.5, we get

S kay < (P+1)[6(p—g,m) —]d(p,q)
k=p+1 A+ BB —g+1,m)=d(p—q,m)]+[6(p—q,m)—]]é(p+1,q)

which leads us to the completion of the proof of Theorem 2.16.6.
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2.16. A subclass of multivalent functions involving higher-order derivatives

Remark 2.16.7. ([96]) Taking 8 = 0, in the above theorems, we obtain results similar to
those obtained by Liu and Liu [56] (with y =1 and n=1).

By applying Theorem 2.16.2, we can prove that our class is closed under convex linear

combinations as a corollary of the next result.
!
Theorem 2.16.8. ([96]) Let p, = 0 forv =1,2,--- 1 and > p, < 1. If the functions
v=1
fu(z) defined by

(o]
fo2) =22 = > ary? (ary 20, v=1,2,--- D), (2.16.19)
k=p+1

are in the class UST m(p,q;a, B) for every v=1,2,--- 1, then the function f(z) given by

o'} l
o= 3 ( u)
1

k‘:p+1 V=

is also in the class UST m(p, q; o, B).

Proof. In order to proof this result, the assertion of Theorem 2.16.2 is used.

Theorem 2.16.9. ([96]) Let f,(z) = 2” and

z)=2F — [(5(]?—(], m) —Oé] 5(]7,(]) Zk
e = (14 B)[6(k — g,m) —6(p— ¢, m)] + [6(p — ¢, m) — )] 6(k, q) (kZp+1).

(2.16.20)
Then f(z) is in the class UST m(p,q; o, B) if and only if it can be expressed in the following
form:
F(2) = mefil2), (2.16.21)
k=p
where

o0
w20, k=p and > =1
k=p

Proof. The part related to sufficiency is easily proved by using again the assertion of
Theorem 2.16.2. For the necessity condition, we can see that the function f(z) can be expressed
in the form (2.16.21) if we set

(1 +B)[0(k —q,m) —6(p— q,m)] + [06(p — q,m) — a]]6(k, @)ar
[6(p —¢,m) — a]d(p,q)
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2.16. A subclass of multivalent functions involving higher-order derivatives

and

o0
pp=1-— Z Mk,
k

:p+1

such that p, = 0. This is already assured by Corollary 2.16.4.

Corollary 2.16.10. ([96]) The extreme points of the class UST m(p, q; o, B) are the func-
tions fp(z) = 2P and

fk(Z):Zp— [5(p_Qam)_a]5(p7Q) Zk (kip-k 1)

(1 +B)[0(k — q,m) —6(p — q,m)] + [06(p — ¢, m) — &]]6(k, q)

In what follows we will see results related to radii of close-to-convexity, starlikeness and

convexity:

Theorem 2.16.11. ([96]) Let the function f(z) defined by (2.16.7) be in the class
UST m(p,q;a,B). Then f(z) is a p-valent close-to-convex function of order & (0 < & < p) for
2| = r1(p, ¢; o, B; ), where

1

[(1+B)[6(k — g,m) — 6(p — q,m)] + [6(p — q,m) — a]](k, q) (p— 5) e
[6(p — q,m) — ] d(p,q) k ‘

r1 = inf
k2p+1

(2.16.22)
The result is sharp and the extremal functions are given by (2.16.12).
Proof. By applying Corollary 2.16.4 and the form (2.16.7), we see that, for |z] < ry, we
have

f'(z)

=1

p‘ =p—¢& forlzl =nmilp, g, B;€) (2.16.23)
which completes the proof of Theorem 2.16.11.
Theorem 2.16.12. ([96]) Let the function f(z) defined by (2.16.7) be in the class

UST m(p,q; e, B). Then f(z) is a p-valent starlike function of order & (0 = & < p) for |z| =
TZ(pa Q7a7/8;£), where

1

ry= inf {[(1+B)[5(k_qvm)_5(1?—%771)]+[5(p—q,m)—a}]5(k:,q) (1,_5) =

kZp+1 [6(p —¢,m) — a]d(p,q) k—¢
(2.16.24)

The result is sharp and the extremal functions are given by (2.16.12).

Proof. Using the same steps as in the proof of Theorem 2.16.11, it is seen that
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2.16. A subclass of multivalent functions involving higher-order derivatives

2f'(2)
f(2)

—p] < p—¢ for|s < ra(pa, 0, B,). (2.16.25)

Corollary 2.16.13. ([96]) Let the function f(z) defined by (2.16.7) be in the class
UST m(p,q;a,8). Then f(z) is a p-valent convex function of order & (0 < & < p) for |z| £
7‘3(]9, q, @, /87 E)a where

om0 == g =)=l (= 1)1
LR [0(p — q,m) — 0] 8(p, q) - '

The result is sharp and the extremal function is given by (2.16.12).

In view of Theorem 2.16.2, we see that the function:

o
2P — Z dy2*
k=p+1
is in the class UST 1 (p, ¢; o, B) as long as 0 < d, < ay, for all & = p+1, where ay, is the coefficient
corresponding to a function which is in the class UST . (p, ¢; o, ). We are thus led to the next

theorem.

Theorem 2.16.14.( [96]) Let the function f(z) defined by (2.16.7) be in the class
UST n(p, q; o, B). Also let ¢ be a real number such that ¢ > —p. Then the function F(z) defined

by

F(z) = 22 /0 e mdt (e> —p) (2.16.27)

ZC

also belongs to the class UST n(p, q; v, B).
Proof. From the representation (2.16.27) of F'(z), it follows that

F(z) =2 — Z dy 2~

k=p+1

where

_(ctp < >
dk—<k+c)ak:ak (kzp+1).

Putting ¢ =1 — p in Theorem 2.16.14, we get the following corollary.

Corollary 2.16.15. ([96]) Let the function f(z) defined by (2.16.7) be in the class
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2.16. A subclass of multivalent functions involving higher-order derivatives

UST m(p, q;a, B). Also let F(z2) be defined by

F(z) = le_p 0 ft(;)dt. (2.16.28)

Then F(z) €e UST m(p, q¢; o, B).

Remark 2.16.16. ([96]) The converse of Theorem 2.16.14 is not true. This observation
leads to the following result involving the radius of p-valence.
Theorem 2.16.17. ([96]) Let the function

be in the class UST n(p, q; o, B). Also let ¢ be a real number such that ¢ > —p. Then the function
f(z) given by (2.16.27) is p-valent in |z| < R;, where

R; = inf
kz2p+1

[(1+ B)[6(k — q,m) — 6(p — q,m)] + [6(p — g, m) — o]]6(k, q) (p(c +p)> o
[0(p — g, m) — ] d(p, q) k(c+k) '

The result is sharp.
Proof. From the definition (2.16.27), we have

217¢2¢ F(2)]) 2 k+ec
= TSV k —p).
=gy s 3 et e

In order to obtain the required result, it suffices to show that

f'(z) *
pr <p for |z|<R;,

where R} is given by (2.16.29). Making use of Theorem 2.16.2, we get that the required inequality

is true if

2] < (1 + B)[8(k — g,m) = 6(p — ¢, m)] + [6(p — ¢, m) — a]]6(k, q) (p(c+p)> o
- [6(p — g, m) — ] 6(p, q)

(kzp+1).

The result is sharp for the function f(z) given by

f(z) = 2"=
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2.16. A subclass of multivalent functions involving higher-order derivatives

(c+k)[6(p—gq,m) — ] 5(p,q) p
(c+p)[(X+B)6(k —g.m)—5p—qm)]+[0(p — q.m) — a]]5(k, q) (kzp+1).
(2.16.31)

The next two results are related to the modified Hadamard product:

Let the functions f,(z) (v =1,2) be defined by (2.16.19). The modified Hadamard product
of f1(z) and fa2(2) is defined by

(f1 % f2)(2) = 27 — Z apap22". (2.16.32)

k=p+1

Theorem 2.16.18. ([96]) Let the functions f,(z) (v =1,2), defined by (2.16.19) be in the
class UST 1 (p, q; 0, B). Then (f1 * f2)(2) € UST m(p,q;m, B), where

[6(p—gq,m)—a]?(148) [5(p—q+17m)2—5(p—q,m)]5(p,q)

[(HB)[5(p—q+1,m)—5(p—q,m)]+[5(p—q,m)—aﬂ 5(p+1,9)[6(p—q,m)—al? 5(pg)
(2.16.33)

n=294dp—q,m)—

The result is sharp when

N1(2) = fa(2) = f(2),

where the function f(z) is given by

f(Z) — P _ [5(]9 B qam) — OL] 5(p7 Q) Zp—l—l.

[(A+B)[0(p—q+1,m)—d(p—q,m)] +[6(p — ¢,m) — a]]6(p+ 1,q)
(2.16.34)

Proof. Employing the technique used earlier by Schild and Silverman [92], we need to find
the largest n such that

i (14 B)[6(k — q,m) —6(p — q,m)] + [6(p — g, m) — n]]6(k, q)
[6(p —q,m) —n]d(p, q)

Q10,2 é 1. (2.16.35)
k=p+1

Using the inequalities for the coefficients of the functions in the class UST ,(p, ¢;n, 8), and by
applying the Cauchy-Schwarz inequality, it is sufficient to show that

) — [6(p—g,m)—a]®(1+8)[8(k—g,m)—8 (p—q,m)]5(p,q)

[(1-48)[8(k—a,m) 8 (p—a,m)]+[6(p—g.m)—a] ] 6(ks)—[8(p—a,m)—a]? 6(pa)
(2.16.36)

n<dp—qm
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2.16. A subclass of multivalent functions involving higher-order derivatives

Now, defining the function G(k) by

[(1+8)6(k—q,m)—8(p—aq,m)|+[5(p—q,m) —a]] " 6(k.q)~[6(p—a.m)—c)® 8(p.q)
(2.16.37)

we see that G(k) is an increasing function of k, k = p + 1, which obviously completes the proof.

Using similar arguments to those from the proof of Theorem 2.16.18, we obtain the following

result.

Theorem 2.16.19. ([96]) Let the function fi(z) defined by (2.16.19) be in the class
UST m(p,q; e, B). Suppose also that the function fa(z) defined by (2.16.19) be in the class
UST m(p,q;0,8). Then
(f1 % f2)(2) € USTm(p, ¢; ¢, B),

where

C=0d(p—q,m)— [0(p=g,;m)—a][5(p—g,;m)—¢](1+8)[6(p—g+1,m) =4 (p—q,m)|9(p,q)
P=9 [(A+B)[6(p—g+1,m)—d(p—g,m)]+[5(p—q,m)—]][(1+8)[6 (p—g+1,m) —6(p—q,m)]+[6 (p—g,m) —¢]]d (p+1,9) -

(2.16.38)
with
Q=1[6(p—g,m) = allé(p — ¢;m) = ¢ld(p, 9)-
The result is sharp for the functions f,(z) (v =1,2) given by
fl(z) — P _ [5(10 -4 m) — a] (5(]?, Q) Py
[(L+B)6(p — g+ 1,m) = 8(p — g, m)] + [5(p — g,m) — ]](p+ 1, q)
(2.16.39)
and
fols) = 2 — [0(p —a,m) — ¢ 6(p, q) ey
[(1+B)[6(p — g+ 1,m) = d(p—g,m)] + [6(p — q,m) — ¢]]6(p +1,9)
(2.16.40)

Theorem 2.16.20. ([96]) Let the functions f,(z) (v =1,2) defined by (2.16.19) be in the
class UST m(p, q; a0, B). Then the function h(z) given by

o0

hz) =20 = > (4}, +ai,)7" (2.16.41)
k=p+1
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2.17. Fractional calculus of analytic functions concerned with Mdbius transformations

belongs to the class UST n,(p, ¢; v, @), where

6 =0(p—q,m) — 2[6(p—g,m)—a]?>(1+8)[6(p—g+1,m)—5(p—q,m)]5(p,q)

[(148)[5(p—q-+1,m) 8 (p—q,m) |+ [5(p—q,m) ] “8(p+1,0) 205 (p—q,m)—al?8(p,a)
(2.16.42)

The result is sharp for
f1(z) = f2(2) = f(2),

where the function f(z) is given by (2.16.534).

Proof. If we combine the assertions of Theorem 2.16.2 for both of the functions fi(z) and

fa(z), we get

2 2
apq +ago) = 1.

S~ 1 ([0 880 = 0.m) — 60— a.m)] + 500 = g.m) = o}tk 2(
[6(p — g, m) — alé(p, q)

k=p+1
(2.16.43)

Therefore, we need to find the largest ¢ = ¢(p, ¢, a, ) such that

[+ B)3(k — q,m) — 5(p — ¢, m)] + [3(p — g, m) — 8] 3(k, q) ?
[6(p —q,m) — ¢]o(p, q)

IIA

1 [+ B)6(k = g,m) = (p — g,m)] + [5(p — g, m) — o] |6(k, q)
2 [6(p — ¢, m) — alé(p, q)

(2.16.44)
Since D(k) given by

2[6(p — q,m) — a*(1+ B)[6(k — ¢,m) — 6(p — ¢, m)]d(p, q)
[(1+ B)6(k — q,m) — 8(p — g,m)] + [8(p — q,m) — )] *3(k, q) — 2[6(p — ¢, m) — a]26(p, q)

D(k) =6(p—q,m) -

is an increasing function of k& (k = p+ 1), we obtain ¢ < D(p + 1). The proof of Theorem
2.16.20 is thus completed.

2.17 Fractional calculus of analytic functions concerned
with Mobius transformations
Applying the Mobius transformations, we consider in this section, some properties of frac-
tional calculus of f(z) € A. Also some interesting examples for fractional calculus are given.
The results are published with D. Breaz and S. Owa in [34].
In this section we work with the class A of functions f(z):

f(z)=2z+ i apz, (2.17.1)
k=2

analytic in the open unit disk, U= {z € C: |z| < 1}.
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2.17. Fractional calculus of analytic functions concerned with Mdbius transformations

and with the characterization

2f'(2)
Re < e > > (z€ ) (2.17.2)

with real @ (0 £ a < 1), for f(z) starlike of order v in U. We denote by S*(«) the class of all

starlike functions f(z) of order o in U and §*(0) = S*. Also we will use the characterization

2f"(2)
f'(2)

Re (1 + ) > (z € U) (2.17.3)
with some real o (0 < o < 0), for f(z) convex of order v in U. We denote by K(«a) the class of
all such functions f(z) and IC(0) = K. In view of definitions for the classes S*(a) and K(a), we
know that
(i) f(2) € K(«) if and only if zf'(z) € $*(«)
and B
(ii) f(2) € S*(«) if and only if / fit)dt € K(a).

Further, MacGregor [58] ar(l)d Wilken and Feng [101] have the sharp inclusion relation that
K(a) € S*(pB) for each a(0 £ a < 1) with

1 -2« 1
22(1-a) (1 — 92a-1) (o 7 5)
B = (2.17.4)
1 1
2log?2 (o= 5)

1
For o = 0, Marx [59] and Strohhécker [99] showed that I C S*(i) Also, by Robertson [89], we

know that the extremal function f(z) for the class S*(«) is

00 k .
z [[j—2( —2a)
fR)= =2+ LT "> (2.17.5)
(1—2)20-2) kZ:2 (k—1)!
and the extremal function f(z) for the class () is
( 00 k
1—(1—2)* [Ij_o( —20) 1
20— 1 _”é ] (7 3)
f(z) = (2.17.6)
Clog(1— 2) = 2 + f: Lo ozl
k 27
k=2
For f(z) € A, we apply the following M&bius transformation
w(¢) = ¢ (Cel) (2.17.7)
1+2C

63



2.17. Fractional calculus of analytic functions concerned with Mdbius transformations

for a fixed z € U. This Mé&bius transformation w(¢) maps U onto itself and ¢ = 0 to w(0) = z.
From among the various definitions for fractional calculus (that is, fractional derivatives
and fractional integrals) given in the literature, we have to recall here the following definitions

for fractional calculus which are used by Owa [71], [72] and by Owa and Srivastava [74].

Definition 2.17.1.  The fractional integral of order X is defined, for f(z) € A, by

DA f(z) = F(lA) /O B f(g))l_AdQ (2.17.8)

where X > 0 and the multiplicity of (z — () 1 is removed by requiring log(z — ¢) to be real when
z—(¢>0.

Definition 2.17.2. The fractional derivative of order X is defined, for f(z) € A, by

D2 f(z) = d% (Di‘lf(Z)) (2.17.9)
_ 1 d 7 f(©Q)
ST -\ dz/o (z—C))‘dC’

where 0 £ X\ < 1 and the multiplicity of (z — )™ is removed as in Definition 2.17.1 above.

Definition 2.17.3. Under the hypotheses of Definition 2.17.2, the fractional derivative of
order n + A is defined by
dn
DI = 4 (D) (2.17.10)

where 0 SEX<1landneNyg=0,1,2,---.

Remark 2.17.4. ([34]) In view of definitions for the fractional calculus of f(z) € A, we
see that

1 2! k!
D> _ Hx 20 oAy M kA 2.17.11
SO =y Tttt T iaria g™ (2.17.11)

1 YR k! k+A

__ S A
F(2+)\)Z +k:2F(k’—|—1+>\)akz ( >0)7

1 2 k!
D _ I=A 2 A kA 2.17.12
JE=en T treon® Tt raaioa®t ( )

1 SR k! k—X <
_ <A<l
NPESYN +;F(k+1)\)akz (0=A<1),
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2.17. Fractional calculus of analytic functions concerned with Mdbius transformations

and
dr 1 >
DA == k=2 2.17.13
) dz" (F( Jrz:;Fk‘—l-l— )kz ( :
— 1 1-n—X - k! k—n—2\
T\ +kZ:2F(k+1—n—)\)akZ

for 0 < A <1 andn € Nj.

Therefore, we can write that

DA f(z) = dinn (DAf( )) <dznf( )> (2.17.14)
and
D2 f(z) = r( 2= A+k22r k:+1— 3 ay2F (2.17.15)

for any real number A.

Using the fractional calculus (2.17.15), we define

F(z)=T(2- A)z)‘Dg\f(z) =z+ Z makzk ANeR,N#2). (2.17.16)
k=2
If we take A = —1 in (2.17.16), then
F(2) =T@): D) = 2 [ rieyan = Z oy 2
k=

implies the Libera integral operator defined by Libera [54]. Therefore, F'(z) given by (2.17.16)

is the generalization operator of Libera integral operator.
Let us give two examples for the fractional operator F'(z) defined in (2.17.16).

Example 2.17.5. ([34]) Let us define f(z) b

fey=z2+2202ea  (12a<) (2.1717)
Then, we have that
2f'(2) 1
—Rel2_ 2.17.1
Re(e7) =R (2- 155z) (AT
1+ Mcosf

1+ M2+ 2Mcosf
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2.17. Fractional calculus of analytic functions concerned with Mdbius transformations

where M = ? > 0. If we define
1+ Mt
then M(M + 1)(M — 1) 1
_|_ —
B'(t) = 0 0<ME< = 2.17.20
®) (14 M2+ 2Mt)? = (0< 2> ( )
This shows us that )
Sh(-1)= —— 2.17.21
ht) € h(-1) = 7= (217.21)
that is, that
z2f(z) I 242\
Re( >>2—1_M_4+)\>0 (z € ). (2.17.22)
242X
Therefore, f(z) € S* < 4—:_ 3 )
For f(z) given by (2.17.17), ) becomes
1
F(2)=T(2-N2*D)f(2) = 2 + 522 (-1<X1<2). (2.17.23)
Then, we see that F(z) € S* 5
Next, let us consider the function g({) given by
Fouw)(¢) — F(z
g(¢) = L@ ) (2.17.24)

(1= z)F'(2)

for a fixed z € U, where w(() is given by (2.17.7). Then, it is easy to see that ¢g({) € A. Taking
1
2= in (2.17.24), we have that

¢(11¢ + 16)

— cU 2.17.25
9(¢) 1C 122 (¢Cel) ( )
and ¢q'() ¢(11¢ + 10)
g + )
Re =Re(l- 2.17.26
<g@>> < C+2)(11C+ 16) (2.17.26)
i 704cos%6 + 848cosf + 149 (6= o)
o 1408cos26 + 3268cosf + 1885 - '
Letting
704t2 + 848t + 149
H(t) = t = cosf 2.17.2
)= 20877 3268t 7 1885 0~ o) (2.17.27)
we obtain that 12(9224¢2 + 186208t + 92629
() = 2 + + 92629) (2.17.28)

(1408¢2 + 3268t + 1885)2
This shows that H'(—1) < 0, H'(0) > 0, and H'(1) > 0. Therefore, there exists some ty such
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2.17. Fractional calculus of analytic functions concerned with Mdbius transformations

that H'(tg) = 0 for —1 < to < 0. It follows that

Max_y<pe H(t) = Max{H(—1), H(1)} = H(1) = 217 (2.17.29)
Thus, we say that ©
¢q'(¢ 720
Re<g(o)>1—27—27 (¢ €U), (2.17.30)

Consequently, we say that F(z) € §* <1> ,g9(¢) € §* <§(7)> for f(z) € S* <24j:_2;\> given by

2
(2.17.17).
1
If A= —=, then
2

5 5 « (2
f(z)—z+ﬁz esS <7>
- . : . 2
The open unit disk U is mapped on a starlike domain of order -

1
IfA= 3 then

5 5 (8
f(Z)—Z—FEZ eS <13>
. . 8
Thus, f(z) maps U on to a starlike domain of order EL

Example 2.17.5 means that there is some function f(z) € §*(a) such that F(z) € $*(53)
and g(¢) € S*(7).

Next, we consider

Example 2.17.6. ([34]) Let a function f(z) be given by

2-X
fz) =2+ =3 2eAd  (-1£1<2). (2.17.31)
Then, we have that
2f"(2) 1
1 = 2—— 2.17.32
Re( + ) Re oM (2.17.32)
1+ 2Mcosf 0
= 2 — = e
[ 740 +ddeosd  F )
2—-A .
where M = BTEEE 0. Defining h(t) by
14+ 2Mt
= = .1 .
h(t) T 402 + 401 (t = cosb), (2.17.33)

we have that
2M(2M +1)(2M — 1)

(14 4M?2 + 4Mt)?

) (2.17.34)

1
R'(t) = <0 (O<M§Z
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2.17. Fractional calculus of analytic functions concerned with Mdbius transformations

which shows us that

< h(-1) = . 2.17.
h(t) < h(-1) YY; (2.17.35)
Thus, we obtain that
z2f"(2) 1 2+2)
1 2 — = 0 U). 2.17.36
Re<+f’(z) > Y, 4+/\> (z € U) ( )
242X
This gives us that f(z) € K < 4—: 3 >
For f(z) given by (2.17.31), F(z) becomes
1
F(2)=T(2-N2*D)f(2) = 2 + 622 (-1<X1<2). (2.17.37)

1
Then, it is easy to see that F(z) € K <2>
1
For this F(z), we consider ¢g(¢) defined by (2.17.24). If we take z = 5 for g(¢), we have that

B ¢(17¢ + 28)
9(¢) = &P (cel) (2.17.38)
. ¢9" (<) ¢(10¢ +11)
g = s S
e (1+ 555 =R (- 5o r ) (2.17.39)
_ | 280cos”0 4 379cost + 97 e
~ 7 280c0s20 + 646¢cosf + 370 (¢ =e).

If we write that

2802 4 379t 4+ 97
H(t) = t = cosf 2.17.40
)= 8ot et 30 o) ( )

then
4(3115t2 4 6370t + 3232)

(280£2 + 646t + 370)2

Since H'(—1) < 0,H’(0) > 0, and H'(1) > 0, there exists some ¢y such that H'(ty) = 0 for
—1 < tg < 0. This gives us that

H(t) = 2

(2.17.41)

Max_1<;<; H(t) = Max{H(-1),H(1)} = H(1) = % (2.17.42)
It follows that Cd'(0) - .
) _
Therefore, we say that F(z) € K <;> ,9(¢) e K (152> for f(z) e K (24—:_2/\)\)

2
If A= —3 then

f(2) :z—i-%z? e (;)
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2.17. Fractional calculus of analytic functions concerned with Mdbius transformations

1
maps U on to a convex domain of order 5

IfA= g, then

f(z):z+21422€lC<1?).

10
This function f(z) maps U on to a convex domain of order o

Example 2.17.6 says that there exists some function f(z) € K(«) such that F(z) € K(5)
and g(¢) € K(7).

In view of the previous examples, we introduce

Definition 2.17.7. ([34]) Let f(z) € A, F(z) =T(2— Nz D2 f(2) with —1 £ X\ < 2 and
let g(C) be defined by (2.17.24) for a fized z € U. Then we say that
(i) f(z) €Sy if g(¢) is univalent in U,
(it)  f(z) € S5(a) if g(¢) € S (@)

and

(i) f(2) € Ko(a) if g(¢) € K(a).
Also, we write that S5(0) = S and Ko(0) = Ko when a = 0.

In order to discuss our classes Sy, Sj(«) and Ko(a), we need the following lemma due to
Robertson [89] (also see Duren [42]).

Lemma 2.17.8 If f(z) € S*(«), then

1550 — 2a)

<
ol = = =51

(k=2,3,4,--) (2.17.44)

with the equality in (2.17.44) with f(z) given by (2.17.5). If f(z) € K(«), then

H?:Q (J = 2a)

<
lax| < o

(k=2,3,4,--) (2.17.45)

with the equality in (2.17.45) with f(z) given by (2.17.6).

We also need the following lemma.
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2.17. Fractional calculus of analytic functions concerned with Mdbius transformations

Lemma 2.17.9. ([34]) If g(¢) is defined by

(fow)() = f(2)

g(¢) = -7 G) (=) (2.17.46)
for a fized z € U for f(z) € A, then
L (fow)(Q)
dg e (2.17.47)
ol —1)(1+70) (&3 (=) (¢)z!
(1=t (jzo n—j— DI +2()7 )

form=1,2,3,..., where w(() is given by (2.17.7).

Proof We use the mathematical induction to prove (2.40). For n = 1, the right-hand side
of (2.17.47) becomes that

f'z) 7
which is given the left-hand side of (2.17.47) for n = 1. Therefore, (2.17.47) holds true for n = 1.

Assume that the relation (2.17.47) is true for a fixed positive integer n. Then, some calculations

(2.17.48)

lead us to
dn+1
W(f ow)(¢)(1 = |2[*)
720570 (2.17.49)
Calln—DI1+20* [ 1 2n—4)g" D)z  #
A= {Jz% (n —j)! n*Jfl) (g( ROk 1+%¢ ) (1+%¢)7
_ (n+Dnl(1+2¢0)%> Z": g H=9) )z
(=[Pt = (n+1—=7)n—-)Yla+20)7 |

This means that the relation (2.17.47) holds true for n+ 1. Thus, by applying the mathematical

induction, we complete the proof of the lemma.
Taking ¢ = 0 in Lemma 2.17.9, we have

Corollary 2.17.10. ([34]) If g(¢) is defined by (2.17.46) for f(z) € A, then we have

n!(n —1)! i 2|7
(1 —[z2) 1 (Z (n— ) n—y—|1) ) (2.17.50)

A

b
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2.17. Fractional calculus of analytic functions concerned with Mdbius transformations

for z € U. Furthermore, we have

/(=)
f'(2)

19"(0)] + 2[¢'(0) =]
1—|z?

A

(z € D). (2.17.51)

Applying Corollary 2.17.10, we have

Theorem 2.17.11. ([34]) Let F(2) be defined by (2.17.16) for f(z) € A with —1 £\ < 2.
(i) If f(z) € So, then

F®) (4 nl(n + |z
F,(i)) = = \z|()n—121’)+ 0 (n=1,2,3---) (2.17.52)
with the equality for g({) given by
o0 = 5 +iw 5 GeR) (2.17.53)
(i) If f(z) € S§(«), then
F(z) o _nn—1)! = Sk —2a) -
Fio) | = T P jzowm e (24759
with the equality for g({) given by
9(¢) i+ eiGCC) (0 € R). (2.17.55)

(i) If f(z) € Ko(a), then

n—1 n—j
n!(n — 1)!_ (Z . k:.Q(k - 20‘3 ol ZJ‘) (n=1,2,3,...) (2.17.56)

(=TT | &2 31— )i =

F)(z) <
F'(z)

with the equality for g(¢) given by

1-(1-¢* ! < 1)
o 7& 5 |
200 — 1
9(¢) = (2.17.57)

—log(1—¢) (a = %) )
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2.17. Fractional calculus of analytic functions concerned with Mdbius transformations

Proof Note that
(Fow)(¢) — F(2)

(1= |z)F'(2)
for F(z) = T(2 — \)2*D) f(2). Therefore, Corollary 2.17.10 gives us that

n—1
n!(n—1)! \g(" (0)]|z
(PO (Z o i DI (2.17.58)

According to Lemma 2.17.8, we have

9(¢) = (€eU)

F)(z)
F'(2)

[IA

h

9" D) < (1= )i~ j), (2.17.59)

if f(z) € Sp, then we calculate that

F) (4 n' TL _ 1 n—1 ‘
F’(i)) = (1 [22)n1 (Z ,j,zj) (2.17.60)
nl(n + |z|)
(1= [zt (1 + |2])’
because X
N (el [
= ( )lj! -yt = (n—1)! : (2.17.61)
If f(2) € S;(a), then
9" O = (=) [[k=20) (40)=1) (2.17.62)
k=2

by means of (2.17.44). This implies the inequality (2.17.54) for f(z) € Sj(c). Furthermore, if
f(2) € Ko(a), then g(¢) satisfies

J
D)= [[(k-20) (4(0)=1), (2.17.63)
which implies the inequality (2.17.56). Consequently, we complete the proof of the theorem.

Since ¢'(0) = 1, letting n = 2 in Theorem 2.17.11, we have

Corollary 2.17.12. ([34]) Let f(z) € A with —1 S\ < 2.
(i) If f(z) € Sy, then

AA = 1)D2f(2) + 202D3*H f(2) + 22D f ()
2(AD2f(2) + 2D2* f ()

(2.17.64)
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2.17. Fractional calculus of analytic functions concerned with Mdbius transformations

for z € U.
(i) If f(z) € S§(«), then

AN = 1)D2f(2) + 202D f(2) + 22D f(2) ]| _ 2(2(1 — @) + |2])
‘ CODA () £ 2D () = PE (2.17.65)
for z € U.
(iii) If f(z) € Ko(c), then
'/\()\ — 1)D2f(2) + 202D f(2) + 22D f(2) <21 —a+]z) (2.17.66)
2D f(2) + 2D (2) =TI RP o
for z € U.
Taking A = 0 in Corollary 2.17.12, we have
Corollary 2.17.13. ([34]) If f(z) € So, then
f)| 22+ 12))
) < P (z € ), (2.17.67)
if f(z) € S§(a), then
f(z 2(2(1 — ) + |z
f’((z)) < ( (1 — ;2 12) (z € ), (2.17.68)
and if f(z) € Ko(a), then
f(z 21l —a+|z
f’((z)) < ( T z|2| ) (z € ), (2.17.69)

Now, having in view to discuss the univalence of fractional calculus F'(z) given by (2.17.16),

we need the following lemma due to Miller and Mocanu [61] (or due to Jack [49]).

Lemma 2.17.14. ([34]) Let the function w(z) be analytic in U with w(0) = 0. If there
exists a point zg € U such that

Maxz|<jz | [w(2)] = [w(20)]; (2.17.70)
then /
wlo) _, (2.17.71)
w(20)
and .
Re <1 + M) = k, (2.17.72)
w' (o)
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2.17. Fractional calculus of analytic functions concerned with Mdbius transformations

where k 2 1.
Now, we derive

Theorem 2.17.15. ([34]) If F(z) defined by (2.17.16) for f(z) € A satisfies

1+ ;zgéz) - ZQS) < 24_&“ (z € U) (2.17.73)

for some real o which satisfies 2(v/2 — 1) < a < 1, then

2F(2) 1+(1—a)z

. 2.17.74
F(2)? = - (z €U) (2.17.74)
Proof We define the function w(z) by
2F' 1+ (1-
) _1+U-auwiz) g (2.17.75)

F(2)?2 1—w(z)

with 2(v/2 — 1) £ o < 1. Then, we see that w(z) is analytic in U with w(0) = 0, and that

12F"(z) 2z2F'(z) zu'(2) -« 1
- — = . 2.17.76
2 F(z) | F(2) > \Ux(-awE " 1-w@) ( )
If there exists a point zg € U such that
Max, <z [w(2)] = [w(z0)] =1,
then Lemma 2.17.14 gives us that
2ow'(20) = kw(z9) (k=1) (2.17.77)
and w(zp) = €. This implies that
1 ZOF”(ZO> Z()F/(ZQ) k 11—« 1
14— — == . : 2.17.78
T3 F'(2) F(z0) 2 1—}—(1—04)620—1—1—6“9 ( )
>2-0 N .
T2 |(1-ef)(1+(1—a)e?)
_2—-« 1
2 /2(1 —cosf) (1 + (1 — a)2 4 2(1 — a)cosh)
Letting
gt) =1 -t) 1+ (1 —-a)®+2(1 —a)t) (t=cosh), (2.17.79)
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2.17. Fractional calculus of analytic functions concerned with Mdbius transformations

we have that
gt)=—(®+4(1—a)t) £ —(a® +4a —4) £ 0 (2.17.80)

g(t) < g(—1) = 202, (2.17.81)

Therefore, F'(z) satisfies

1+1z0F”(20) 2l (20)| s 2-a
2 F/(Zo) F(Zo) 4o

v

(2.17.82)

for 2(v/2 — 1) £ a < 1. This contradicts our condition (2.17.73) for F(z). Thus, w(z) satisfies
|lw(z)| < 1 for all z € U. With this reason above, we conclude that

2F(z) 1+(1-a)z
F(z)? = 1—2

(zeU.

Next, we show

Theorem 2.17.16. ([34]) If F(z) defined by (2.17.16) for f(z) € A satisfies

12F"(z) 2F'(2) a
1+ - — 2.17.
‘ Y5TFe R | S2ita €U (2.17.83)
for some real o > 0, then
22F'(2)
-1 . 2.17.84
Flo)? ‘<0z (z € U) (2.17.84)
Proof Let us define the function w(z) by
22F'(2)
Fo2 1=aw(z) (ze€0). (2.17.85)
e LeFI() ) ©
2F"(z)  zF'(z al zu'(z a
= — = — U). 2.17.86
2 Fe) | 2|Trawr| “2are GV ( )
Suppose that there exists a point zy € U such that
MaX|Z|§‘ZO|\w(2)\ = ‘w(20)| = 1, (2.17.87)
then we can write that
2ow'(20) = kw(z0) (k=1)
and w(zp) = €. Therefore, we have that
14 Laf(z0)  wF'(2)| _ka| 1 |, o (2.17.88)
2 F'(z0) F(zp) 2 |[1+ae?| = 2(1+a)’ o

75



2.17. Fractional calculus of analytic functions concerned with Mdbius transformations

which contradicts our condition (2.17.83). Thus, we say that there is no zp € U such that
|w(zo)| = 1. Consequently, letting |w(z)| < 1 for all z € U, we prove the theorem.

Taking o = 1 in Theorem 2.17.16, we have

Corollary 2.17.17. ([34]) If F(z) defined by (2.17.16) for f(z) € A satisfies

‘1 + ;Zggz) - zgi’;) < i (» € U), (2.17.89)
then -
Zplzzg? . 1‘ <1 (zeU). (2.17.90)

Remark 2.17.18. ([34]) In view of the result for the univalence of analytic functions due
to Ozaki and Nunokawa [75], we see that F'(z) satisfying the inequality (2.17.90) is univalent in
U.

Example 2.17.19. ([34]) Let us consider the function f(z) given by

1-A
— DM o3 ) (-15a<2). 2.17.91
10 =D (paoyet) (15a<2 (217.91)
Then we have that
F(z) =T(2=\2*D) f(2) = ze?, (2.17.92)
2F'(2) 1
=14 2.17.
0 + 5% (2.17.93)
and )1
2F"(z z
== . 2.17.94
F'(z) 2z+2+z (2.17.94)
Therefore, F'(z) satisfies
12F"(z)  zF'(z)] 1] 22 1
14 - - = - — . 2.17.
' Y3FG) T Fe | T i|zes "1 GEU (2.17.95)
For such a function F(z), we see that
22F'(2) _: 1
5L —1': : (1+22> —1’ <c¢ (z€U). (2.17.96)

By using the computer, we know that ¢ < 0.18 < 1. Indeed, the function F'(z) satisfying

(2.17.93) implies that
2F'(z)
v () >

(z € U). (2.17.97)

N =
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2.18. Classes of analytic functions, based on subordinations

1
This shows us that F(z) € S* <2>

2.18 Classes of analytic functions, based on subordi-
nations

Applying the extremal function for the subclass S*(a) of A, new classes P*(a) and Q*(«)
are considered using certain subordinations. The object of this section is to present some inter-
esting properties for f(z) belonging to the classes P*(a) and Q*(«). The results were obtained
together with S. Owa and published in [37].

For the classes defined in the Definitions 1.1.2, 1.1.10 and 1.1.12, we know that K(a) C
S*(a) € §* € § C A and that f(z) € S*(«) if and only if /z fit)dt € K(a). The function
f(2) given by ’

oo 11(] - 2@)
f(z) = m Z:: _(n (2.18.1)

is the extremal function for the class $*(«), and the function f(z) given by

1—(1—z)%t n <a 1)
S - 7& _
flz) = 2a—1 =2 2 (2.18.2)

Clog(l—2) =24 3 %z" <a:1>

n=2
is the extremal function for the class K(«a) (see [42] or [62]).

Considering the principal value for 1/z, we consider a function f(z) given by

% ﬁ2(3—2a)
_ - i= P 18.
f(z) = i f)m 3 +nZQ — (2.18.3)
Then, f(z) satisfies
. z2f'(2)\ ol -« 1+a B
R <f(z)>_R < +1—\/E>> 5 (z €U). (2.18.4)

1
Therefore, f(z) given by (2.18.3) is starlike of order ra in U.

In order to introduce our classes we need the subordination definition. Differential subor-
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2.18. Classes of analytic functions, based on subordinations

dinations were used in many papers of univalent function theory as for example, [30], [55], [90],
[91] and [93].
We know that, for analytic functions, f(z) is subordinated to g(z) if there exists an analytic

function w(z) in U satisfying w(0) = 0, |w(z)| <1 (2 € U), f(2) = g(w(z)), writing:

f(z) < g(z) (z € D). (2.18.5)

Now, with the function f(z) given by (2.18.3), we introduce a new class of f(z) as follows.
Let A* be the class of functions f(z) given by

f2) =2+ Za%ﬂz%l (z € U) (2.18.6)
n=2

which are analytic in U, where we consider the principal value for /z. If f(z) € A* satisfies the

following subordination

z

TENVAEED

for some real a(0 £ « < 1), then we say that f(z) € P*(«). Also, if f(z) € A* satisfies
2f'(z) € P*(«), then we say that f(z) € Q*(«a).

f(z) < g(z) = (z € V) (2.18.7)

Further, we would like to study some properties of functions f(z) € A* concerned with the
classes P*(«) and Q* ().

Theorem 2.18.1. ([37])If f(z) € A* satisfies

Z(n — )

n=2

<l-a (2.18.8)

aAn+1
2

for some real o (0 < v < 1), then f(z) € P*(«). The result is sharp for f(z) defined by

(1—a) nt1

f(z) = z+§2n(n_ 1)(n—a)ZT (2.18.9)

with |e| = 1.

Proof. It is easy to know that if f(z) € A* satisfies

(zeU) (2.18.10)

zf'(2) 11—«
o<
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for some real o (0 < a < 1), then

2f'(2) 1+«
Re( o ) > (z € U), (2.18.11)

that is, that f(z) € P*(«). In order to get (2.18.10), we notice that we have

§ nila +1 Z’n;r1

/ 2 n

_ — 1-—

2f'(2) = [(2)| _ |n=2 _ <=——% (zeU) (2.18.12)
f(z) 1+ > an 2 2

if f(z) satisfies

) , (2.18.13)

which is equivalent to

wi| S1—a (2.18.14)

for some real o (0 £ a < 1), then f(2) € P*((«).
Further, if we consider a function f(z) given by (2.18.9), then
(1—-a)e

G = T a) (le| = 1). (2.18.15)

This shows us that

1-«a
(1 1
=(1- ——)=1-a
(1-a) 7%:2 <n -1 n> “
Taking @ = 0 in Theorem 2.18.1, we have
Corollary 2.18.2. ([37])If f(z) € A* satisfies
D nlan| =1, (2.18.17)
n=2 ?
then f(z) € P*(0). The result is sharp for
[eS) c sl
f(z) :Z+nz::2n2(n—1)z : (le| = 1). (2.18.18)

Noting that f(z) € Q*(«) if and only if zf'(2) € P*(«), we have
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Theorem 2.18.3.1If f(z) € A* satisfies

(e 9]

S+ 1)(n—a)

n=2

<2(1—a) (2.18.19)

Gntl1
2

for some real o (0 = o < 1), then f(z) € Q*(«). The result is sharp for f(z) given by

f) =2+ n(nf(_l 1_)525_ a)z"Tl (2.18.20)
n=2

with || = 1.
Letting a = 0 in Theorem 2.18.3, we have

Corollary 2.18.4. ([37]) If f(2) € A* satisfies

o0

Zn(TH— 1)

n=2

<2, (2.18.21)

Qntl
2
then f(z) € Q*(0). The result is sharp for f(z) given by

> 2e ntl
z) :z—i-zmz > (le] = 1). (2.18.22)
n=2

To discuss next properties for f(z) € Q*(«), we have to recall here the following lemma

)
which is called as Carathéodory theorem (see [48], [60], [73]).

Lemma 2.18.5.Let a function p(z) given by
o
2) =1+ cp2" (2.18.23)
n=1

be analytic in U and Rep(z) > 0 (z € U). Then

en| 22 (n=1,2,3,-). (2.18.24)
The equality holds true for
142
=1+2 2" 2.18.2
pz)=1— =1+ Z (2.18.25)

Applying Lemma 2.18.5, we derive
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Theorem 2.18.6. ([37])If f(z) € P*(«a), then

1

< i —
ng1| < o1 (j — 2a) (2.18.26)
j=2
form=23,4,---. The equality holds true for
_ i 2.18.27
f(z) = (ENEEET) (2.18.27)
Proof. For f(z) € P*(«), we define a function p(z) by
_ 1 2f'(2)
p(z) = o (2 o 1+ «) (z€ ) (2.18.28)
with -
p(z) =1+ paz?  (z€U), (2.18.29)
n=1
where we consider the principal value for /z.
It follows that
22f(2) = {(1 — a)p(2) + (1 + @)} f(2). (2.18.30)

This gives us that

o
Z(n + 1)ani+1znT+1 = (2a§ +(1— a)p;) 22 + (2@2 +(1—a)p
2 2 2

n=2

as +(1- a)p1> 22 (2.18.31)

1
2

5
+ <2a§ +(1 —a)p%ag +(1- oz)pla% +(1—a)ps)zz+---
2 2

nlw
+
_
|
2
=
3
m‘ 0
N—
IS
+

+ <2anT+1 + (1 —a)p%a% + (1 —Oé)planTﬂ +--+(1—a)pnza

2

Therefore, we obtain that
(n—1ans = (1 - a) (pn;l +Pu2a3 +prosay + - +prana +p%ag) ,n>2, (2.18.32)
2 2 2 2 2

where a; = 1. From the definition for p(z), we see that p(z) is analytic in U and p(0) = 1.
Furthermore, noting that Rep(z) > 0 (z € U), Lemma 2.18.5 gives us that

p2l<2  (n=1,23,). (2.18.33)
Taking n = 2 in (2.18.32), we see that

<2-20. (2.18.34)
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If we take n = 3 in (2.18.32), then we have that

1—«a
15

i) £ (1 a)(3 - 20) = %(2 ~20)(3 - 20).

p1|las
2 2
Further, letting n = 4 in (2.18.33), we obtain that

+

1-«
< === (|ps]lazl + I

3

)

2 1
< 5(1 —a)(2—a)(3—2a) = 6(2 —20)(3 — 200) (4 — 200).

pr as ps
2 2 2

In view of the above, we assume that

1 n
n < | —
angt| = Ty 11U —29)
7j=2
for j =2,3,4,--- ,n. Then, we see that
2(1 - «)
Ant2 Si(l—i- as|+ lag| + |as|+ -+ |an| + CLLH)
2 n 2 2 2 2
1n—&-l
< = i —

2

J

Thus, applying the mathematical induction, we complete the proof of the theorem.

Theorem 2.18.7. ([37])If f(z) € Q*(«), then

1 n
< —
Anp1| S — (j —2a)
j=2
forn =2.3,4,---. The equality holds true for f(z) satisfying
1
fi(z) =

Further, we consider some distortion inequalities for f(z) in P*(«) and Q*(«).

Theorem 2.18.8. ([37])If f(z) € P*(«a), then

2|
1+ v/]2])20=)

The equalities in (2.18.41) are attended for

S f2)) =

(2.18.35)

(2.18.36)

(2.18.37)

(2.18.38)

(2.18.39)

(2.18.40)

(2.18.41)

(2.18.42)



2.18. Classes of analytic functions, based on subordinations

Proof. We note that there exists a function w(z) which is analytic in U with w(0) = 0 and

|lw(z)| <1 (z € U). This function w(z) also satisfies

f(z) = (z € ). (2.18.43)

1f(2)] = ‘“’(Z)‘} (2.18.44)

lw(z)|
(1+ () — 2/ leoss)

Applying the Schwarz lemma for w(z), we say that |w(z)| < |z| (2 € U). Therefore, we obtain
that

2]

(1= VD20

g <

(1+ /]al)20me) =

for z € U. This completes the proof of the theorem.

(2.18.45)

Letting a = 0 in Theorem 2.18.8, we have
Corollary 2.18.9. ([37]))If f(z) € P*(0), then

B L

1+ ]2

The equalities in (2.18.46) are attended for

(z € V). (2.18.46)

flz) = ———. (2.18.47)

Further, letting |z| — 1 in Theorem 2.18.8, we see

Corollary 2.18.10. ([37])If f(z) € P*(«), then

()l 2 (i) lia. (2.18.48)

The equality in (2.18.48) is attended for f(z) given by (2.18.42) with z = '™,
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2.18. Classes of analytic functions, based on subordinations

Noting that f(z) € Q*(«) if and only if zf/(z) € P*(«), we also have
Theorem 2.18.11. ([37])If f(2) € Q*(«a), then

1 1
<|{ <
0T i = I (2)] < A= V= (z € U). (2.18.49)
The equalities in (2.18.49) are attended for
# 1
£(z) = /0 Rt (2.18.50)
Corollary 2.18.12. ([37])If f(z) € Q*(0), then
1 1
—— <) £ —e cU). 2.18.51
EWEL £ (2)] ENEL (z€U) ( )
The equalities in (2.18.51) are attended for
o 1
() = /0 ol (2.18.52)
Corollary 2.18.13. ([37])If f(z) € Q*(«), then
1 -
If'(2)] = (4) . (2.18.53)

The equality in (2.18.53) is attended for f(z) given by (2.18.50) with z = '™,

84



Chapter 3

Further research

3.1 Research directions

In this section, we briefly outline some of the research directions that may characterize our
future work, more details being given in the next two sections where we present two of our

current research projects.

Motivated by the recent results in the field of geometric function theory and willing to extend

our previous work, we have in view three general research directions, namely:

- study of new geometric properties for the operators considered in this thesis with respect

to their univalence (research direction A),

- construction of new integral operators that cover the already known operators as particular

cases (research direction B),

- construction of the classes of analytic functions having interesting geometric properties

(research directions C).

In what follows, all three of them are detailed by considering possible problems to focuse on
and by giving some examples of particular works together with some hints on the approaching
methods.

e Research direction A. We aim to extend the results that we have already obtained for
the integral operators J; - Jg, most of them on univalence (see Chapter 2, where various univa-
lence conditions were obtained), by investigating other properties of the operators, as convexity
and starlikeness for example. In order to approach the study of these operators with respect
to other properties, we will consider some particular classes of analytic functions. Within this

research direction we have in mind to investigate the following:
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3.1. Research directions

Problem 1. One of the issue will be to find what conditions are neccessary to preserve the
starlikeness. We will have two possible methods to approach this problem, one based on the

analytic characterization of the starlikeness and the other, on differential subordinations.

Example 3.1.1. Let’s consider the operators:

Jo(z) = 5ju5—1 (flu(u)yl et (fnu(u)>7" du (3.1.1)

0

=

z 1/8
Ju(z) = B/uﬁl A@]T L )] du . (3.1.2)

0

We can investigate some conditions for starlikeness, besides the univalence conditions wich
we have already obtained for these operators (see for example, Section 2.15). More precisely,
we can use the following Mocanu starlikeness condition, in the same manner as we used the
Kudriasov univalence condition (see Section 2.13), and see what other suplimentary conditions

are necessary for starlikeness:

"(z)
f'(2)

Problem 2. Another problem that we are interested to study is to find the convexity order

<M, z€U M =283 (3.1.3)

for integral operators.

Example 3.1.2. Let’s consider the operator:

h@:j(ﬂwy{m(hf»%a (3.1.4)

on the classes of uniformly analytic functions,

B - USTO(pa q, Oé) =

2O+ (2 L f(+a) (4
:{fETO(p):Re{W}Zﬁ {M}—l

f@(z)
(zeU;0<a<p—qpeN;p>qqe Ng=NU{0}, ﬁZO),

+a} : (3.1.5)

B—-UCV(p,q, ) =
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3.1. Research directions

= {fGTO(P)iRe{1+zf(2+q)(Z)} 25|{zf(2+q)(z)}

f(1+fI)(z) f(1+f1)(z)

—I—a} , (3.1.6)

(Z6U;0§a<p—q;p€N;p>q;q€No:NU{O},BZO).

The approach will be based on a differential operator which will be applied on the functions
that compose the operator, such that the new operator will be well defined on the class of

functions of the form:

oo
f(z)=ap- 2P — Zap+nzp+", (ap+n > 0;pe N ={1,2,...} ,a, > 0). (3.1.7)
n=1

Further, we will use the analytic characterization of the classes and of the convexity of a

given order.

Problem 3. Preserving of other geometric properties by our integral operators will be an-

other research goal.

Example 3.1.3. We consider the operator (see Section 2.12, where univalence was already
studied),

1

5= o [Lw ] (W) (95(w)¥ du | (3.1.8)
j=1

where 0, a;, 8 are complex numbers, 6 #0, f; € A, g; € P, j =1,n.

We will study the operator on various classes of analytic functions as for example, the class
SH (8), 8 > 0, introduced by Stankiewicz-Wisniowska, [98] (see Section 2.4, where other op-
erator was studied on this class), the working tool being the analytic characterization for the

related class:

G (s - pef s @) el
25(\/5 1)‘<R{f2 }+25(\/§ 1) eu(}&l'g)

e Research direction B. Construction of new operators that can cover the already known

operators as particular cases:

Regarding this research direction, in order to give consistency to our results, we have to

consider the next three aspects for each new introduced integral operator:
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3.1. Research directions

- checking the existence of the operator (if it is well defined),

- finding other motivation of the operators, besides their generality, taking into account pos-

sible geometric properties and some particular interesting examples,
- investigating geometric properties of the operators.

Example 3.1.4. We currently work on the new integral operator N, g(f,g), with o =
(a1, a9, ...a) si (f,9) = (f1, fo, - fn, 91,92, ---Gn), @i, real pozitive numbers, 5 complex numbers,
ReB >0, fi,g: € A, i = 1I,n, (fi*xgi)(2) = 2+ > 5oy akibri2", Hadamard product (ay;, by,
coefficients of the functions f;, g;) :

Nag(f,9) (2) =

[/O 815 Lexp </0t1j1 <(f*9u>(U)>a du) dt] 5 -

For n = 1,01 = 1,91 = 7%, we find the operator introduced by Attiya ([6]):

1—2°

R - | [ o teon ([ (1) ) ] 111

- <(fi * i) (Z)>ai _ Zn:ai ((fz‘ xgi) (2) 1> 7 (3.1.12)
=1

z = (fixgi)(z) =

For

2

we get the operator given by Frasin ([46]),

z n % g (o7} %
Lop(f,9) (2) = [/0 st [ <W) dt] : (3.1.13)
=1

e Research problem C. Construction of new classes of analytic functions:
For each of the new introduced classes, we have in view to study at least the following lines:
- finding examples of functions that proves the nontriviality,

- study of Hadamard product on those classes (or some modified version of Hadamard prod-

uct),

- characterization of the classes by finding coefficients estimates,
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3.2. Univalence of the solution of the inverse boundary problem

- finding class preserving properties for some integral operators.

Example 3.1.5. (see Section 3.3) We currently work on some new classes defined by the

conditions (o > 1):

2f'(2)
O<Re( B > < (zeU) (3.1.14)
respectively,
0 < Re (1 + Z}C(S)) <a  (z€D). (3.1.15)

Other lines of work that we aim to follow are related to:

- extending of other type of univalence criteria of a function to integral operator, in the same

manner as we worked with Pascu criterion (see Chapter 2),
- study of some integro-differential operators,
- the analysis of already obtained results through the extremal function issue,

- finding some applications for the theoretical results (see the detailed result from the Section
3.2)

- using of specialized software to outline the geometric properties of some integral operators

mapping.

3.2 Univalence of the solution of the inverse bound-
ary problem

In this project, together with V. Pescar, we aim to obtain some application of integral op-
erators. First, we study the univalence of a particular integral operator. Then the univalence
criterion is extended for a more general integral operator and also finally, derived for a particu-
lar integral operator which can be viewed as a solution of the inverse boundary problem. This
project is part of a more general one, started together with D. Breaz and V. Pescar, based on
the goal of finding of some applications for the univalence of the integral operators in the field

of fluid mechanics.

The following integral operators are studied:
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3.2. Univalence of the solution of the inverse boundary problem

. :
Fs(z) = B/uﬂ_lf'(u)du ) (3.2.1)
0
: :
T,(2) =8 [ (Fi() ™ e (o)) ™ du (3.2.2)
0

B, 7vj complex numbers, 3 # 0, j =1,n, f; € A, j = 1,n, n positive integer number.
Among the applications of the geometric function theory there is one related to fluid mechan-
ics where we deal with the inverse boundary problem (see [47]). The solution of such problem

can be defined as an integral operator having the form,

4
p(z) = /eh(“)du, (3.2.3)
0
where h is a regular known function in ¢4. In fluid mechanics it is known that the solution

of the inverse boundary problem has to be univalent.

Remark 3.2.1. i) The integral operator Fjg was introduced by N.N.Pascu in the paper [77].
ii) Besides the classical integral operators, in the last decade, some general integral operators,
defined as a family of integral operators, using more than one analytic function in their defi-
nition, have been studied (see for example, the works [38], [57], [85], [81], [97]). The general
integral operator T, is an example of such operator, considered as an operator of Pfaltzgraff
type (see [88]). This operator was introduced by D.Breaz and N.Breaz in the paper [10] and has
been studied with respect to its univalence, in many other papers (see for example [80]-[81]).
iii) If we consider n = 1 and 7; = 1 in (3.2.2), we can see that T), is viewed as an extension of
the operator Fg.
iv) The solution of the inverse boundary problem can be viewed as particular case of the oper-
ator Fjg. For example, we can chose § = 1 and set the function f such that f/(u) = eM®) | This
connection between the solution of the inverse boundary problem and the integral operator Fjp

will be exploited in this paper.

The aim here is to obtain new sufficient conditions for the univalence of the integral operator
Fg, based on which we can obtain further, univalence of the more general integral operator T,

but also the univalence of the solution of the inverse boundary problem, the integral operator p.

With the following theorem we achieve univalence criterion for the integral operators Fjg and
T, :

Theorem 3.2.2.Let « be a complex number, Reaw > 0 and the function f, f € A, f(z) =

o0
24 3 ap®. If
k=2
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3.2. Univalence of the solution of the inverse boundary problem

" (z)

<M, (3.2.4
7 :
for all z € U, where the positive constant M satisfies the inequality,
1
M < , (3.2.5)

2|ag]|

1—|z|2Ree ’ |21+ =37
ATz <1 | T Rea 171 2lag [T

then for all B complex number, with Ref > Rec, the integral operator Fg defined by (3.2.1)

is in the class S.

Proof. Let’s consider the function
1 f"(z
g (Z) = 7 / ( )
M f'(2)
From (3.2.4) and (3.2.6), we have |g(z)| < 1, for all z € U. The function g is regular in U

and ¢ (0) = 2“2 . From Nehari Remark, we obtain

(3.2.6)

" 2|a2|
1@ A , (3.2.7)
M f'(z) 1+ 2\azll \
for all z € U and hence, we have
2
1_|Z’2Reo¢ zf//(z) <M1_ ’Z’2Reo¢ ‘ ’ |+ 2|az| (328)
Rea 1 (2) Rea 1+ 2|‘l2||z\ ’ o
for all z € U. o]
ex a2
Let be the function H : [0,1) - R, H (z) = 1‘&‘22 f_:_Q\azlx Since H(3) > 0, it comes that
maz o1y H () > 0.
Hence, further, from (3.2.8), we get
L[| 1 (2) 1 [l + %
< . 2.
Rea : flz)| — M- mazpzi< Rea 12 1+ 2|a2|\2| (3.2.9)
Now, using (3.2.5) and (3.2.9), we have
1_ ’z‘QRea Zf”(Z)
Rea | Py | ST (3.2.10)

for all z € U.
Finally, from (3.2.10) and N.N. Pascu univalence criterion, it results that Fj € S.

Remark 3.2.3. There is a connection between the coefficient as from the analytic form of

the function f and the coefficient Ay from the analytic form of the operator Fjg. The function

Fp(2) is regular in U and we have
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3.2. Univalence of the solution of the inverse boundary problem

: :
Fs(z) = ﬁ/uﬂ_lf’(u)du =24 Ax2® + ... (3.2.11)
0

From (3.2.11) we get Fg_l (2) Fj (2) = 2P=1f"(2) and hence

z A=l
f(z) = <FB( )> Fp(z), (3.2.12)

z

for all z € U.
From (3.2.12), for 8 fixed, Rea > 0, Ref > Req, we obtain the relation,

_ B+l

;A (3.2.13)

a2

From the Theorem 3.2.2, we can derive different univalence conditions, taking some partic-

ular cases of the parameters involved.

o0
Corollary 3.2.4.Let be the function f, f € A, f(2) = 2+ 3. apz® and o a complex number,
k=3
Rea > 0. If

f"(2)
[ (2)
for all z € U, then for all B complex number, with Ref > Rea, the integral operator Fg
defined by (3.2.1) is in the class S.
Proof. We apply Theorem 3.2.2, taking a positive constant M, having the form,

Rea+1

< (Rea +1) Rea (3.2.14)

Rea+1

M = (Reav + 1) Rea . (3.2.15)

Indeed, since

1 — ’Z‘QRea
Rea

_ ! (3.2.16)

Rea+1 7

(Rear + 1) Rea

mazj 2f?

the conditions (3.2.4) and (3.2.5) from the Theorem 3.2.2 are satisfied (we are in the case
ag = 0).

Corollary 3.2.5.Let be the function f, f € A, f(2) = 2+ 3. apz® and a a complex number,
k=2
0<Rea<1.If
/" (2)
[ (2)

for all z € U, where the positive constant M satisfies the inequality

<M, (3.2.17)
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3.2. Univalence of the solution of the inverse boundary problem

1

M < — TRE (3.2.18)
ma 1—|2| | |21+ 57
2I<1 | 7 Rea 14 22l
M

then the function f is univalent.
Proof. We apply Theorem 3.2.2 for g = 1.

Corollary 3.2.6.Let o be a complex number, 0 < Rea < 1 and the function f, f € A,
o

having the form, f(z) =z + . ap2®. If
k=3

’ff’,/ ((;)‘ < (Rear + 1) Rea | (3.2.19)
for all z € U, then the function f is univalent.
Proof. This result is a combination of the last two corollaries and derives from the Theorem
3.2.2, for the particular case when ag = 0 (M taking the form (3.2.15)) and 5 = 1.

Theorem 3.2.7.Let o, v; (j = 1,n) be complex numbers, Rea > 0 and the functions f;,
(e.)

fieA fi(z)=z+ > aizk, j = 1,n, n positive integer number. If
k=2

yul =+ el + o+ Il <1 (3.2.20)
fi (2)
fj{ (2) < M; (3.2.21)
J

for all z € U, j = 1,n, where the positive constants M; satisfy the inequality,

1

M; < 379 ,3=1n, (3.2.22)
17|Z|2Rea |Z|+W
MAT|s<1 |~ Rea 12 Ty el —
mazj:ﬁ]bfj

with ¢ = Y103 + y2a3 + ... + y,al, then for all B complex number, with Ref8 > Rea, the
integral operator T, defined by (3.2.1) is in the class S.

Proof. We consider the regular function

z

F2) = / (F1) ™ o (f ()" (3.2.23)

0

It can be easily checked that f(2) = 2 + agz? + ... with

ag = ¢ = Y103 + Y203 + ... + ymay (3.2.24)

and
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3.2. Univalence of the solution of the inverse boundary problem

f// (Z) B {/ (z) é/ (z) fyl{ (z)
7@ TTHG TG T G (3.2.25)

Now we apply the Theorem 3.2.2 for the function f from (3.2.23), taking M = max ;_1, M,
which is a positive constant. From (3.2.20), (3.2.21) and (3.2.25) we get that f satisfies the con-
dition (3.2.4). Moreover, M satisfies the condition (3.2.5) if we take into account the formula
(3.2.24). Hence, applying the Theorem 3.2.2 and using (3.2.23), the univalence result for the

integral operator 7, holds.

0o . o
Corollary 3.2.8.Let be the function f;,f; € A, fi(z) = 2+ Y. ajz®, j = I,n and a, v;
k=3

(j = 1,n) complex numbers, Rea > 0. If

Il + el + - 4wl <1, (3.2.26)
f;/ (Z) Rea+1

< (Rea + 1) Fea™, 3.2.27
AT ]I (3.221)

forall z € U, j = 1,n, then for all B complex number, with Re > Rea, the integral operator
T, defined by (3.2.1) is in the class S.

Proof. In the Theorem 3.2.7, we take ag =0, 7 = 1,n and follow the steps from the proof
of the Corollary 3.2.4.

In what follows we work to obtain the univalence of the solution of the inverse boundary

problem.

Corollary 3.2.9.Let a be a complex number, 0 < Rea < 1, the function h € A and the

function

z
p(z) = /eh(“)du =2+ A% + ...
0
If

W (2)| <M (3.2.28)
for all z € U, where the positive constant M satisfies the inequality

1

M < g AT (3.2.29)
max 1—[z]7 | |21+~
l2I<1 | 7 Rea 14 2]
M
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3.3. The study of new classes of analytic functions, using differential subordinations

thenp € S.

Proof. We apply Theorem 3.2.2, for 3 = 1. Moreover, in Theorem 3.2.2, we chose the
function f such that f’(z) = e™*) which is a regular function. For the analytic form of this
function we use the notation, f (z) = 2 +a22? +... . Hence, we obtain that F (2) = p(z) = f(2)

and further ags = As. Moreover, it comes that

/" (2)
f'(z)

=1 (2). (3.2.30)

Taking into account (3.2.30) and (3.2.28) we obtain that function f satisfies the condition
(3.2.4) from the Theorem 3.2.2. On the other hand, based on (3.2.29) and on the equality
az = Ag, the condition (3.2.5) from the Theorem 3.2.2 is satisfied too, hence p(z) = F} (2) is

univalent and the result is proved.

Corollary 3.2.10.Let a be a complex number, 0 < Rea < 1, the function h € A and the

function
p(z) = /eh(“)du =24+ A3+ ...
0
If
|1 (2)] < (Rea + 1) Fea (3.2.31)

forallze U, thenp € S.

Proof. Taking in Theorem 3.2.2, the function f as in the previous corollary and knowing
that as = A9 = 0 the result holds.

The last two corollaries give univalence conditions for the solution of the inverse boundary

problem.

3.3 The study of new classes of analytic functions,
using differential subordinations

Together with S. Owa, J. Nishiwaki and D. Breaz we introduced two subclasses of analytic
functions, respectively S () and K, (). In this research project we aim to study some inter-

esting properties of the functions from these classes, using differential subordinations.
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3.3. The study of new classes of analytic functions, using differential subordinations

Here we will work in the framework of the class A,, , defined by the functions
o
fR) =2+ aF  (n =234,-), (3.3.1)
k=n

analytic in the open unit disc U = {z € C : |z| < 1}. As we know, if we consider a function
f(z) € A,, which satisfies

2f'(2)
Re < ) ) >0 (z € ), (3.3.2)

then f(z) is starlike with respect to the origin in U. We denote by S}, the subclass of A,
consisting of starlike functions in U. Also, we know that f(z) is convex in U, f(z) € A,, if

satisfies

2f"(2)
Re <1 + ) ) >0 (z€ ) (3.3.3)

and this is equivalent to zf/(z) € S;. We denote by K,, the subclass of A,, consisting of all

convex functions in U.

Let us consider a function f(z) given by

ﬂ@:z+%ﬂ (n=2,3,4,.). (3.3.4)

This function f(z) satisfies that

z2f'(2)\ nin—1)\ B n(n — 1)(n + "1 cos(n — 1)f)
fte < f(Z) ) —nohe <Zn_l‘|‘n> - n? + 7‘2("—1) —+ Inrn—1 cos(n _ 1)0 (335)

for z = re'? € U. Therefore, we see that

o<”s_;fp<q%<?é?><nsj;i5<nﬁz (z € U). (3.3.6)

Further, if we consider a function f(z) given by

ﬂd:z+£y” (n=234-"), (3.3.7)
then we have 02 )
z z n

0<Re@ﬁ—ﬂ@)><n+l (z € ). (3.3.8)

Therefore, f(z) given by (3.3.4) is in the class S} and f(z) given by (3.3.7) is in the class /Cy,.
In view of the above, we say that f(z) € Si(a) if f(z) € A, satisfies

2f'(2)
0 < Re < B > <o (z€U) (3.3.9)
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3.3. The study of new classes of analytic functions, using differential subordinations

for some real @ > 1, and that f(z) € K, («) if f(z) € A, satisfies

zf ”(Z))
0<Re<1+ <« zelU 3.3.10
e (- V) (33.10)
2
for some real @ > 1. From the above definitions we say that f(z) € S (n—i—nl> for f(z)

2
given by (3.3.4) and that f(z) € K, (n—l—nl> for f(z) given by (3.3.7). Also, we know that

Sp(a) C Sp(B) and Kp(a) C Ky(B) for 1 < o < B. It follows that if f(z) is given by (3.3.4),
then f(z) € S;5(2) for any n = 2,3,4,---, and that if f(z) is given by (3.3.7), then f(2) € K,(2)
forany n =2,3,4,---.

As we know, if p(z) is subordinated to ¢(z), p(z), ¢(z) analytic in U, written as p(z) <
q(z), then there exists a function w(z) analytic in U, with w(0) = 0 and |w(z)| < 1 (z € U), and
such that p(z) = q(w(z)). It is well known that if ¢(z) is univalent in U, then the subordination
p(z) < q(z) is equivalent to p(0) = ¢(0) and p(U) C ¢(U). Many results based on subordina-
tions concerning univalent, starlike and convex functions can be found in various works (see for
example, Miller and Mocanu ([62]), Obradovi¢ and Owa ([69]) and Owa and Srivastava ([74])).
Motivated by these works, we aim to use subordinations in order to study the properties of our

classes, as follows:

Theorem 3.3.1. If f(2) € A, is given by
f(z) =2z+mz" (n=2,3,4,--+) (3.3.11)

for some real 0 < m < 1, then

—1 / —1
ﬂ é Re Zf (Z) § 1 + mn,rn (3312)
1 —men—1 f(2) 1+ mrn—1

for z = re’ € U and

1—mn 2f'(2) 1+mn
< <
— :Re< EERE (z € U). (3.3.13)
Proof. It follows from (3.3.11)
) n-1 (3.3.14)

f(z) T
Letting z = re’® € U, we have that

Re <zf’(z)> . (n —1)(1 +mr™Lcos(n —1)0)
f(z) 1+ m2r2(n=1) 4 2mrn—1cos(n — 1)§°

(3.3.15)
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3.3. The study of new classes of analytic functions, using differential subordinations

If we write
1+ mrh1t

T 1+ m2r2(-D) L o1y

g(t) (t = cos(n —1)0), (3.3.16)

then
mrnfl (m2r2(n71) o 1)

/ —
g(t) = (5 2261 1 gy 11)2 < 0. (3.3.17)

This shows us the inequality (3.3.12). Further, letting » — 17 in (3.3.12), we obtain (3.3.13).
From Theorem 3.3.1, we easily say that
Theorem 3.3.2. If f(z) € A, is given by
m
f(z) :Z—i-gz" (n=2,3,4,---) (3.3.18)

for some real m (0 < m < 1), then

1 —mnr™1 2f"(2) 1+ mnr1
—— < Rell < 3.3.19
1—mrn—1 ¢ < + f'(z) )] = 14+ment ( )
for z = re® € U and
1—mn z2f"(2) 1+mn
< 1 < 0). 3.2
T—m _Re< + ) ) S T+m (z€l) (3.3.20)

1
Remark 3.3.3. Since 1 —mn =2 0 for 0 < m < —, f(z) given by (3.3.11) belongs to the
n

1 1 1
class S;; +mn for 0 < m < — and f(z) given by (3.3.18) belongs to the class K, Lt mn
14+m n 1+m
1
for 0 <m < —.
n

To discuss our next result, we have to recall here the following lemma due to Miller and
Mocanu ([63]) (also due to Jack [49]).

Lemma 3.3.4.Let w(z) be analytic in U with w(0) = 0. Then, if |w(z)| attains its maximum

value on the circle |z| = r < 1 at a point zy € U, then we have

zow' (29) = mw(2g) (3.3.21)
and o)
20w (20

where m 2> 1.

With the help of Lemma 3.3.4, we derive
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3.3. The study of new classes of analytic functions, using differential subordinations

Theorem 3.3.5. If f(z) € A, satisfies

() a(l+Y)

f(z)  a+(2-a)znt (z€T) (3.3.23)
for some real o > 1, then
sz(S) N g < g (=€), (3.3.24)

thus f(z) € S} (o).

Proof. It follows from (3.3.23) that there exists an analytic function w(z) in U with w(0) = 0,
lw(z)| <1 (z € U), and

2f'(2) a(l +w(z)")

) = et s (z € U). (3.3.25)
If we write that (2)
zf!(z
F(z) = , 3.3.26
()= 4% (3.3.26)
then we obtain that
n—1| __ Oé(F(Z) B 1)
lw(z)""| = o 2—a)F() <1 (z €U). (3.3.27)
Since (3.3.27) gives us that
AF(2)? —a(F(2) + F(2)) <0 (2 €T, (3.3.28)
we obtain (3.3.24). Noting that (3.3.24) implies that
2f'(z)
0 < Re ( B > <« (z € U), (3.3.29)
we say that f(z) € S} (a).
For the class K,,(«), we have
Theorem 3.3.6. If f(z) € A, satisfies
z2f"(2) a(l+ 21
1+ ) < @) (z€ ) (3.3.30)
for some real o > 1, then
2f"(z) a|  «

thus f(z) € Kp(a).
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3.3. The study of new classes of analytic functions, using differential subordinations

Next, we consider

Theorem 3.3.7. If f(z) € A, satisfies

2f"(z) _ 2f'(?) (n—1) B
Re (1 + ) 5 ) < 2a—1) (z € U) (3.3.32)

for some real 1 < o £ 2 and

2f"(z) _2f'(x)\ _ (n—1(a—1) s
Re <1+ ) ) > < 5 (z €U) (3.3.33)
for some real o > 2, then )
2f'(z)  « a

therefore, f(z) € S)(a).

Proof. Let us consider a function w(z) which is analytic in U, w(0) = 0, and given by

z2f!(z a w(z)"1
]J:(i)) T +((12+_ a()u))(z)n)q (z€0) (3.3.35)

for f(z) satisfying (3.3.32) or (3.3.33). It follows from (3.3.35) that

R e ()
Let us suppose that there exists a point zy € U such that
\z|m§E\L§)| lw(z)| = |w(zp)| = 1. (3.3.37)
Then, Lemma 3.3.4 says that
zow' (20) = mw(2p) (m =1). (3.3.38)

0

Letting w(zp) = €%, we have (k > 1):

w0l"(20) _ 2020 _ 0 (2 a)eltn10
Re (1 e o) ) = (n —1)kRe { T T o (2= a)e e (3.3.39)

_ 1 (2—a)(2—a+acos(n—1)0)
=00 e Bl o) o 210

Let us define the function g(t) by

) = 2—a+oat
g a2+ (2-a)2+2a(2-a)t

(t = cos(n —1)0). (3.3.40)
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Then
do(a—1)

(@24 (2 —a)?+2a(2 — a)t)?

qg ) = > 0. (3.3.41)

Since ¢(t) is increasing for ¢ = cos(n — 1)6, (n fixed), we obtain

20f"(20)  20f'(20) (n— 1)k n—1
fe <1 N f'(0)  f(z0) ) = 2(a—1) = 2 — 1)’ (3.3.42)
for 1 < a <2 and
20f"(z0) _ 20f'(20)) o (= D=1k _ (n=1)(a—1)
fte <1 " f'(20) a f(z0) ) = 2 2 5 (3.3.43)

for & > 2. This contradicts the conditions (3.3.32) and (3.3.33). Therefore, we say that there
is no w(z) such that w(0) = 0 and |w(zg)| = 1 for zp € U. This means that |w(z)| < 1, for all

z € U. From the above, we have

(0 )
lw(z)" ] = & 11 ew (3.3.44)
f(z)

and f(z) € S} ().
Further, we can derive some description of our classes, by giving coefficients estimates, as

follows:

Theorem 3.3.8. If f(z) € A, satisfies

o0

Z(|2k’—a|+a)\ak\ Sa-—12-q (3.3.45)
k=n

for some real o > 1, then f(z) € S;(«). The equality in (3.3.45) is attained for

(a— |2 = al)ne &
= =1). 3.3.46
Z+Zkk+1 Zh—ata)” d=D (3:3.46)

Proof. We know that if f(z) € A, satisfies

z2f'(z) «

flz) 2

for a > 1, then f(z) € S} (a). The inequality (3.3.47) is equivalent to

< (z € U) (3.3.47)

@
2

22f'(2) — af (2)] < alf(2)], (3.3.48)
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that is,
(2—a)+ Z(Zk —a)a" <all+ Z apzF1 (3.3.49)
k=n k=n
for z € U. Therefore, if f(z) satisfies
2= +> 12k —ollar| Sa—a > |al, (3.3.50)

then f(z) € S} (a). The inequality (3.3.50) is equivalent to (3.3.45). Further, if we consider a
function f(z) given by (3.3.46), then we have

;(l%—al +a) |ag| _gw (3.3.51)

:i(a—ﬂ—a\)n(;—kil) =a—[2-al

k=n
This implies that f(z) given by (3.3.46) satisfies the equality in (3.3.45).
For the class K, («), we have
Theorem 3.3.9. If f(z) € A, satisfies
e}

> k(2k — ol + a)|ag] £ @ — |2 - a (3.3.52)

k=n

for some real @ > 1, then f(z) € K,,(a). The equality in (3.3.52) is attained for f(z) given by

a— |2 — al)ne i
= =1). 3.3.53
Z+Zk2k+1 @ ol 4= (3:3.53)
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